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1 Introduction 



1.1 Orientation 

In the last several years there has been a revolution in string theory. There 
are two major developments responsible for this revolution. 

i. It has been found that all five string theories, as well as 1 1-dimensional 
supergravity, are related by duality symmetries and seem to be aspects of one 
underlying theory whose fundamental principles have not yet been elucidated. 

ii. String theories contain Dirichlet p-branes, also known as "D-branes". These 
objects have been shown to play a fundamental role in nonperturbative string 
theory. 

Dirichlet p-branes are dynamical objects which are extended in p spatial 
dimensions. Their low-energy physics can be described by supersymmetric 
gauge theory. The goal of these lectures is to describe the physical properties 
of D-branes which can be understood from this Yang-Mills theory description. 
There is a two-fold motivation for taking this point of view. At the superficial 
level, super Yang-Mills theory describes much of the interesting physics of D- 
branes, so it is a nice way of learning something about these objects without 
having to know any sophisticated string theory technology. At a deeper level, 
there is a growing body of evidence that super Yang-Mills theory contains far 
more information about string theory than one might reasonably expect. In 
fact, the recent Matrix theory conjecture |l) essentially states that the simplest 
possible super Yang-Mills theory with 16 supersymmetries, namely A/" = 16 
super Yang- Mills theory in -I- 1 dimensions, completely reproduces the physics 
of eleven-dimensional supergravity in light-front gauge. 

The point of view taken in these lectures is that many interesting aspects 
of string theory can be derived from Yang-Mills theory. This is a theme which 
has been developed in a number of contexts in recent research. Conversely, 
one of the other major themes of recent developments in formal high-energy 
theory has been the idea that string theory can tell us remarkable things about 
low-energy field theories such as super Yang-Mills theory, particularly in a 
nonperturbative context. In these lectures we will not discuss any results of 
the latter variety; however, it is useful to keep in mind the two-way nature of 
the relationship between string theory and Yang-Mills theory. 

The body of knowledge related to D-branes and Yang-Mills theory is by 
now quite enormous and is growing steadily. Due to limitations on time, space 
and the author's knowledge there are many interesting developments which 
cannot be covered here. As always in an effort of this sort, the choice of 
topics covered largely reflects the prejudices of the author. An attempt has 
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Figure 1; D-branes (gray) are extended objects on which strings (black) can end 

been made, however, to concentrate on a somewhat systematic development 
of those concepts which are useful in understanding recent progress in Matrix 
theory. For a comprehensive review of D-branes in string theory, the reader is 
referred to the reviews of Polchinski et al. [|[ ||. 

These lectures begin with a review of how the low-energy Yang-Mills de- 
scription of D-branes arises in the context of string theory. After this intro- 
duction, we take super Yang-Mills theory as our starting point and we proceed 
to discuss a number of aspects of D-brane and string theory physics from this 
point of view. In the last lecture we use the technology developed in the first 
four lectures to discuss the recently developed Matrix theory. 



1.2 D-branes from string theory 

We now give a brief review of the manner in which D-branes appear in string 
theory. In particular, we give a heuristic description of how supersymmetric 
Yang-Mills theory arises as a low-energy description of parallel D-branes. The 
discussion here is rather abbreviated; the reader interested in further details 
is referred to the reviews of Polchinski et al. ||, |^ or to the original papers 
mentioned below. 

In string theory, Dirichlet p-branes are defined as {p + l)-dimcnsional hy- 
persurfaces in space-time on which strings are allowed to end (see Figure 
From the point of view of perturbative string theory, the positions of the D- 
branes are fixed, corresponding to a particular string theory background. The 
massless modes of the open strings connected to the D-branes can be associ- 
ated with fluctuation modes of the D-branes themselves, however, so that in 
a full nonperturbative context the D-branes are expected to become dynami- 
cal p-dimensional membranes. This picture is analogous to the way in which, 
in a particular metric background for perturbative string theory, the quan- 
tized closed string has massless graviton modes which provide a mechanism 
for fluctuations in the metric itself. 

The spectrum of low-energy fields in a given string background can be 
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simply computed from the string world-sheet field theory Let us briefly 
review the analyses of the spectra for the string theories in which we will be 
interested. We consider two types of strings: open strings, with endpoints 
which are free to move independently, and closed strings, with no endpoints. 
A superstring theory is defined by a conformal field theory on the (1 + 1)- 
dimensional string world-sheet, with free bosonic fields corresponding to 
the position of the string in 10 space-time coordinates, and fermionic fields 
which are partners of the fields X'' under supersymmetry. Just as for the 
classical string studied in beginning physics courses, the degrees of freedom 
on the open string correspond to standing wave modes of the fields; there are 
twice as many modes on the closed string, corresponding to right-moving and 
left-moving waves. The open string boundary conditions on the bosonic fields 
X'' can be Neumann or Dirichlet for each field separately. When all boundary 
conditions are Neumann the string endpoints move freely in space. When 
9 — p of the fields have Dirichlet boundary conditions, the string endpoints 
are constrained to lie on a p-dimensional hypersurface which corresponds to 
a D-brane. Different boundary conditions can also be chosen for the fermion 
fields on the string. On the open string, boundary conditions corresponding 
to integer and half-integer modes are referred to as Ramond (R) and Neveu- 
Schwarz (NS) respectively. For the closed string, we can separately choose 
periodic or antiperiodic boundary conditions for the left- and right-moving 
fermions. These give rise to four distinct sectors for the closed string: NS-NS, 
R-R, NS-R and R-NS. 

Straightforward quantization of either the open or closed superstring the- 
ory leads to several difficulties: the theory seems to contain a tachyon with 
< 0, and the theory is not supersymmetric from the point of view of 
ten-dimensional space-time. It turns out that both of these difficulties can be 
solved by projecting out half of the states of the theory. For the open string 
theory, there are two choices of how this GSO projection operation can be 
realized. These two projections are equivalent, however, so that there is a 
unique spectrum for the open superstring. For the closed string, on the other 
hand, one can either choose the same projection in the left and right sectors, 
or opposite projections. These two choices lead to the physically distinct IIA 
and IIB closed superstring theories, respectively. 

From the point of view of lOD space-time, the massless fields arising from 
quantizing the string theory and incorporating the GSO projection can be char- 
acterized by their transformation properties under spin(8) (this is the covering 
group of the group 5*0(8) which leaves a lightlike momentum vector invariant). 
We will now simply quote these results from [Q. For the open string, in the 
NS sector there is a vector field A^, transforming under the 8« representation 



4 



of spin(8) and in the R sector there is a fermion ij) in the 8s representation. 
The massless fields for the IIA and IIB closed strings in the NS-NS and R-R 
sectors are given in the following table: 





NS-NS 


R-R 


IIA 






IIB 




Am A^''^ A^'^^ 



The IIA and IIB strings have the same fields in the NS-NS sector, correspond- 
ing to the space-time metric g^jy, dilaton and antisymmetric tensor field Bf^^,. 
In addition, each closed string theory has a set of R-R fields. For the IIA the- 
ory there are 1-form and 3-form fields. For the IIB theory there is a second 
scalar field (the axion), a second 2-form field, and a 4- form field A^^^ which 
is self-dual. The NS-NS and R-R fields all correspond to space-time bosonic 
fields. In both the IIA and IIB theories there are also fields in the NS-R and 
R-NS sectors corresponding to space-time fermionic fields. 

Until recently, the role of the R-R fields in string theory was rather unclear. 
In one of the most important papers in the recent string revolution , however, 
it was pointed out by Polchinski that D-branes are charge carriers for these 
fields. Generally, a Dirichlet p-brane couples to the R-R {p + l)-form field 
through a term of the form 

MP / A'-^^'^ (1) 

where the integral is taken over the (p + l)-dimensional world-volume of the 
p-brane. 

In type IIA theory there are Dirichlet p-branes with p ~ 0,2,4,6,8 and 
in type IIB there can be Dirichlet p-branes with p — —1,1,3,5,7,9. The 
D-branes with p > 3 couple to the duals of the R-R fields, and are thus 
magnetically charged under the corresponding R-R fields. For example, a 
Dirichlet 6-brane, with a 7-dimensional world-volume, couples to the 7-form 
whose 8-form field strength is the dual of the 2-form field strength of A^^\ 
Thus, the Dirichlet 6-brane is magnetically charged under the R-R vector field 
in IIA theory. The story is slightly more complicated for the Dirichlet 8- 
brane and 9-brane however, 8-branes and 9-branes will not appear in these 
lectures in any significant way. 

In addition to the Dirichlet p-branes which appear in type IIA and IIB 
string theory, there are also solitonic NS-NS 5-branes which appear in both 
theories, which are magnetically charged under the NS-NS two- form field B^^. 
In the remainder of these notes p-branes which are not explicitly stated to be 
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Dirichlet or NS-NS are understood to be Dirichlet p-branes; we will also some- 
times use the notation Dp-brane to denote a p-brane of a particular dimension. 

It is interesting to see how the dynamical degrees of freedom of a D-brane 
arise from the massless string spectrum in a fixed D-brane background |^ . In 
the presence of a D-brane, the open string vector field decomposes into 
components parallel to and transverse to the D-brane world-volume. Because 
the endpoints of the strings are tied to the world-volume of the brane, we can 
interpret these massless fields in terms of a low-energy field theory on the D- 
brane world-volume. The p + 1 parallel components of turn into a U{1) 
gauge field Aa on the world-volume, while the remaining 9 — p components 
appear as scalar fields X'^. The fields X" describe fluctuations of the D-brane 
world-volume in transverse directions. In general throughout these notes we 
will use ^, J/, ... to denote lOD indices, a, f3, ... to denote {p + 1)-D indices on 
a D-brane world-volume, and a,b, . . . to denote (9 — d)-D transverse indices. 

One way to learn about the low-energy dynamics of a D-brane is to find 
the equations of motion for the D-brane which must be satisfied for the open 
string theory in the D-brane background to be conformally invariant. Such 
an analysis was carried out by Leigh |Q . He showed that in a purely bosonic 
theory, the equations of motion for a D-brane are precisely those of the action 

S = -Tp j (F+^S, e"^ ^- det(G,/3 + B^p + 27ra'F^0) (2) 

where G, B and cj) are the puUbacks of the lOD metric, antisymmetric tensor 
and dilaton to the D-brane world-volume, while F is the field strength of the 
world- volume U{1) gauge field Aa. This action can be verified by a perturba- 
tive string calculation |^, which also gives a precise expression for the brane 
tension 

' ' (3) 



g gVa' {2'KVa')P 

where g = e^-^^ is the string coupling, equal to the exponential of the dilaton 
expectation value, and a' is related to the string tension through 

-^string- (4) 



2na 



The inverse string coupling appears because the leading string diagram which 
contributes to the action (||) is a disk diagram. 

In the full supersymmetric string theory, the action (^) must be extended 
to a supersymmetric Born-Infcld type action. In addition, there are Chern- 
Simons type terms coupling the D-brane gauge field to the R-R fields, of which 
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the leading term is the J A'^p^^'' term discussed above; we will discuss these 
terms in more detail later in these notes. 

If we make a number of simplifying assumptions, the form of the action 
simplifies considerably. First, let us assume that the background ten- 
dimensional space-time is flat, so that g^i, — rj^n (we use a metric with signa- 
ture — h -l- • • ■ -l- Further, let us assume that the D-brane is approximately 
flat and that we can identify the world-volume coordinates on the D-brane 
with p + 1 of the ten-dimensional coordinates (the static gauge assumption). 
Then, the puUback of the metric to the D-brane world-volume becomes 

Go.p - Vo.p + d^X'^dpX'^ + O {{dXf) (5) 

If we make the further assumptions that B^^ vanishes, and that 27ra'Fa^ and 
doiX"" are small and of the same order, then we see that the low-energy D-brane 
world- volume action becomes 

where Vp is the p-brane world-volume and the coupling ^ym is given by 
.2 . I _9_,ry^^r-;.p-2 



9ym = T^lT- = ^(2^Va')^"' (7) 

The second term in (|6|) is essentially just the action for a U(X) gauge theory in 
p-f 1 dimensions with 9 — p scalar fields. In fact, after including fermionic fields 
^ the low-energy action for a D-brane becomes precisely the supersymmetric 
V(X) Yang-Mills theory in p + 1 dimensions which arises from dimensional 
reduction of the U(\) Yang-Mills theory in 10 dimensions with TV = 1 super- 
symmetry. The action of this lOD theory is 

^ ^ [-\f^,f^^'' + \.i,v^d^^ (8) 



In the next section we will discuss supersymmetric Yang-Mills theories 
of this type in more detail. To conclude this introductory discussion let us 
consider briefly the situation where we have a number of distinct D-branes. 
In particular, let us imagine that we have N parallel D-branes of the same 
dimension, as depicted in Figure |[ We label the branes by an index i running 
from 1 to A^. There are massless fields living on each D-brane world- volume, 
corresponding to a gauge theory with total gauge group C/(l)^. In addition, 
however, we expect fields to arise corresponding to strings stretching between 
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Figure 2: U{N) fields Aij arise from strings stretched between multiple D-branes 

each pair of branes. These fields A^- carry lOD indices /i as well as a pair of 
indices i, j indicating which branes are at the endpoints of the strings. Because 
the strings are oriented, there are N'^ — N such fields (counting a vector = 
{Aa,X°') as a single field). The mass of a field corresponding to a string 
connecting branes i and j is proportional to the distance between these branes. 
It was pointed out by Witten Q that as the D-branes approach each other and 
the stretched strings become massless, the fields arrange themselves precisely 
into the gauge field components and adjoint scalars of a supersymmetric U{N) 
gauge theory in 1 dimensions. Generally, such a super Yang-Mills theory is 
described by the reduction to p+1 dimensions of a lOD non-abelian Yang-Mills 
theory where all fields are in the adjoint representation of U{N). 

Thus, we see that with a number of simplifying assumptions, the low- 
energy field theory describing a system of parallel D-branes is simply a super- 
symmetric Yang-Mills (SYM) field theory. In the following we will use SYM 
theory as the starting point from which to analyze aspects of D-brane physics. 

2 D-branes and Super Yang-Mills Theory 

The previous section contained a fairly abbreviated discussion of the string 
theory description of D-branes. The most significant part of this description 
for the purposes of these lectures is the following statement, which we will 
treat as axiomatic in most of the sequel 

Starting point: The low-energy physics of N Dirichlet p-branes living in 
fiat space is described in static gauge by the dimensional reduction to p -|- 1 
dimensions of TV = 1 SYM in lOD. 

In this section we fill in some of the details of this theory in ten dimensions, 
and describe explicitly the dimensionally reduced theory in the case of 0-branes, 
p = 0. 
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2.1 lOD super Yang-Mills 

Ten-dimensional U{N) super Yang-Mills theory has the action 

s = j S^i F^.F^'^ -f ^Tr v^r'^i^^v) (9) 

where the field strength 

F^^ = a^A^ - d^A^ - igYM[A^, A^] (10) 

is the curvature of a U{N) hermitian gauge field A^. The fields A^ and if) are 
both in the adjoint representation of U{N) and carry adjoint indices which we 
will generally suppress. The covariant derivative of is given by 

D^,%1) = df^il) - igYulA^^i)] (11) 

where gvM is the Yang-Mills coupling constant, t/i is a 16-component Majorana- 
Weyl spinor of £'0(9,1). 

The action (|^) is invariant under the supersymmetry transformation 

5A^ = ^eT^V (12) 

where e is a Majorana-Weyl spinor. Thus, this theory has 16 independent 
supercharges. There are 8 on-shell bosonic degrees of freedom and 8 fermionic 
degrees of freedom after imposition of the Dirac equation. 

Classically, this ten-dimensional super Yang-Mills action gives a well-defined 
field theory. The theory is anomalous, however, and therefore problematic 
quantum mechanically. 

It is often convenient to rescale the fields of the Yang-Mills theory so that 
the coupling constant only appears as an overall multiplicative factor in the 
action. By absorbing a factor of ^ym in A and "0, we find that the action is 

S = -\- f d^"^ (-Tr F^.F^'-' + 2zTr ^PV^D^^) (13) 

where the covariant derivative is given by 

D^^d^- lA^. (14) 
9 



2.2 Dimensional reduction of super Yang- Mills 

The ten-dimensional super Yang-Mills theory described in the previous sub- 
section can be used to construct a super Yang- Mills theory in p -I- 1 dimensions 
with 16 supercharges by the simple process of dimensional reduction. This is 
done by assuming that all fields are independent of coordinates p + 1, . . . , 9. 
After dimensional reduction, the lOD field decomposes into a. {p + 1)- 
dimensional gauge field Aa and 9 — p adjoint scalar fields X'^. The action of 
the dimensionally reduced theory takes the form 

5= -4— / d^+^CTr (-F„/3i^"'^-2(i:'aX")2 + [X^X'']2+fcrmions). (15) 

As discussed in Section this is precisely the action describing the low- 
energy dynamics of N coincident Dirichlet p-branes in static gauge (although 
there the fields X and ip are normalized by the factor X X/{2TTa'), i/j 
ijj/{2Tra')). The field Aa is the gauge field on the D-brane world-volume, and 
the fields describe transverse fluctuations of the D-branes. Let us comment 



briefly on the signs of the terms in the action (15). We would expect kinetic 
terms to appear with a positive sign and potential terms to appear with a neg- 
ative sign. Because the metric we are using has a mostly positive signature, 
the kinetic terms have a single raised index corresponding to a change of 
sign, so the kinetic terms indeed have the correct sign. The commutator term 
[X"", X^Y which acts as a potential term is actually negative definite. This fol- 
lows from the fact that [X^X'']t = [X^^X"] = Thus, as expected, 
kinetic terms in the action are positive while potential terms are negative. 

In order to understand the geometrical significance of the fields X'^ it 
is useful to consider the field configurations corresponding to classical vacua 
of the theory defined by ([l5|). A classical vacuum corresponds to a static 
solution of the equations of motion where the potential energy of the system 
is minimized. This occurs when the curvature Fafs and the fermion fields 
vanish, and in addition the fields AT" are covariantly constant and commute 
with one another. When the fields A" all commute with one another at each 
point in the (p -I- l)-dimensional world-volume of the branes, the fields can be 
simultaneously diagonalized by a gauge transformation, so that we have 



A° 



/ 


x1 


































V 













(16) 
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In such a configuration, the N diagonal elements of the matrix X° can be 
associated with the positions of the N distinct D-branes in the a-th transverse 
direction . In accord with this identification, one can easily verify that the 
masses of the fields corresponding to off-diagonal matrix elements are precisely 
given by the distances between the corresponding branes. 

From this discussion, we see that the moduli space of classical vacua for 
the {p+ l)-dimensional field theory arising from dimensional reduction of lOD 
SYM is given by 



The factors of M correspond to positions of the D-branes in the (9 — p)- 
dimensional transverse space. The symmetry group Sn is the residual Weyl 
symmetry of the gauge group. In the D-brane language this corresponds to a 
permutation symmetry acting on the D-branes, indicating that the D-branes 
should be treated as indistinguishable objects. 

As pointed out by Witten a remarkable feature of this description 
of D-branes is that an interpretation of a D-brane configuration in terms of 
classical geometry can only be given when the matrices X° are simultane- 
ously diagonalizable. In a generic configuration, the positions of the D-branes 
are only roughly describable through the spectrum of eigenvalues of the X 
matrices. This gives a natural and simple mechanism for the appearance of 
a noncommutative geometry at short distances where the D-branes cease to 
have well-defined positions according to classical commutative geometry. 

2.3 Example: 0-branes 

We now consider an explicit example of the dimensionally reduced theory, that 
of the low-energy action of pointlike 0-branes. This system will be of central 
importance in the later sections on Matrix theory. As discussed above, the low- 
energy theory describing the dynamics of N 0-branes in a flat ten-dimensional 
space-time is the dimensional reduction of A/" = 1 lOD SYM to one space-time 
dimension. In the dimensionally reduced theory the ten-dimensional vector 
field Afj^ decomposes into 9 transverse scalars A", and a 1-dimensional gauge 
field Aq. This theory has 16 supercharges, and is therefore an A/" = 16 super- 
symmetric matrix quantum mechanics theory. If we choose a gauge where the 
gauge field Aq vanishes, then the Lagrangian for this theory is given by 




(17) 



C = 



1 



A°A„ + 



1 



-^[A^A' 



(18) 



Tr 



(27rQ') 



2gVa' 



a<b 
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27ra' (27ra')^ 

Each of the nine adjoint scalar matrices X°- is a hermitian N x N matrix, 
where N is the number of 0-branes. The superpartners of the X fields are 16- 
component spinors 9 which transform under the 5*0 (9) Clifford algebra given 
by the 16 x 16 matrices F". This theory was discussed many years before the 
development of D-branes |l^, |l^ ; a more detailed discussion of this theory 
in the D-brane context can be found in |l^, 

The classical static solutions of this theory are found by minimizing the 
potential, which occurs when = for all a,b. As discussed in the 

general case, when the matrices can be simultaneously diagonalized their di- 
agonal elements can be interpreted geometrically as the coordinates of the N 
0-branes. The classical configuration space of N 0-branes is therefore given by 



Sn 

which is the configuration space of N identical particles moving in euclidean 
9-dimensional space. For a general configuration, the matrices cannot be diag- 
onalized and the off-diagonal elements only have a geometrical interpretation 
in terms of a noncommutative geometry. 

Note that for the 0-brane Yang-Mills theory, the reduction of the origi- 
nal Born-Infeld theory is simpler than in higher dimensional cases. The only 
assumptions necessary to derive the 0-brane Yang-Mills theory are that the 
background metric is flat and that the velocities of the 0-branes are small. 
Thus, the super Yang-Mills 0-brane theory is essentially the nonrelativistic 
limit of the Born-Infeld 0-brane theory. In the case of 0-branes, the assump- 
tion of static gauge reduces to the assumption that there are no anti-O-branes 
in the system. 



3 D-branes and Duality 

One of the most remarkable features of string theory is the intricate network 
of duality symmetries relating the different consistent string theories p^ . 
Such dualities relate each of the five known superstring theories to one another 
and to 11-dimensional supergravity 

Some duality symmetries, such as the T-duality symmetry which relates 
type IIA to type IIB, are perturbative symmetries; other dualities, such as the 
S-duality symmetry of type IIB, are nonperturbative symmetries which can 
take theories with a strong coupling to weakly coupled theories. 
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Historically, D-branes were first studied using T-duality symmetry on the 
string world-sheet In this section we invert the historical sequence of 
development and study duality symmetries from the point of view of the low- 
energy field theories of D-branes. We first discuss T-duality from the D-brane 
point of view. We show that without making reference to the string theory 
structure from which it arose, the low-energy super Yang-Mills theory of N 
D-branes admits a T-duality symmetry when compactified on the torus. We 
then discuss S-duality of the IIB theory, which corresponds to super Yang-Mills 
S-duality on the 3-brane world-volume. 



3.1 T-duality in super Yang-Mills theory 

Before deriving T-duality from the point of view of super Yang-Mills theory, we 
briefly review what we expect of the type II T-duality symmetry from string 
theory |^ . T-duality is a symmetry of type II string theory after one spatial 
dimension has been compactified. Let us compactify on a circle of radius 
Rg, giving a space-time x S^. After such a compactification, T-duality 
maps type IIA string theory compactified on a circle of radius Rg to type IIB 
string theory compactified on a circle of radius Rg = a' /Rg. 

On a string world-sheet, T-duality maps Neumann boundary conditions 
on the bosonic field to Dirichlet boundary conditions and vice versa. Thus, 
for a fixed string background, T-duality maps a p-brane to a (p ± l)-brane, 
where a brane originally wrapped around the X^ dimension is unwrapped by T- 
duality and vice versa. This result in the context of perturbative string theory 
indicates that we would expect the low-energy field theory of a system of p- 
branes which are unwrapped in the transverse direction X^ to be equivalent 
to a field theory of {p -\- l)-branes wrapped on a dual circle X^. We now 
proceed to prove this result in a precise fashion, using only the properties of 
the low-energy super Yang-Mills theory. For the bulk of this subsection we set 
2T:a' = 1 for convenience; constants are restored in the formulas at the end of 
the discussion. The arguments described in this subsection originally appeared 
in ©iH. 

3.1.1 0-branes on a circle 

In order to simplify the discussion we begin with the simplest case, cor- 
responding to iV 0-branes moving on a space x S^. The generalization to 
higher dimensional branes and to T-dualities in multiple dimensions is straight- 
forward and will be discussed later. 



As described in Section 2.3, a system of N 0-branes moving in flat space 
has a low-energy description in terms of a supersymmetric matrix quantum 
mechanics. The matrices in this theory are N x N matrices, and the theory 

13 



27tR 



Figure 3: 0-branes on the cover of are indexed by two integers 

has 16 supersymmetry generators. In order to describe the motion of N 0- 
branes in a space where one direction is compactified, this theory must be 
modified somewhat. A naive approach would be to try to make the matrices 

periodic. This cannot be done without increasing the number of degrees 
of freedom of the system, however. One simple way to see this is to note that 
the off-diagonal matrix elements corresponding to strings stretching between 
different 0-branes have masses proportional to the distance between the branes 
in the flat space theory; this feature cannot be implemented in a compact space 
without introducing an infinite number of degrees of freedom corresponding to 
strings wrapping with an arbitrary homotopy class. 

A systematic approach to describing the motion of 0-branes on can be 
developed along the lines of familiar orbifold techniques. In general, if we wish 
to describe the motion of N 0-branes on a space M^/F which is the quotient of 
flat space by a discrete group F, we can simply consider a system of (iV • |F|) 
0-branes moving on and then impose a set of constraints which dictate that 
the brane configuration is invariant under the action of F. This approach was 
used by Douglas and Moore jl^ to study the motion of 0-branes on spaces 
of the form C^/Z^; the authors showed that on such spaces the moduli space 
of 0-brane configurations is modified quantum mechanically to correspond to 
smooth ALE spaces. Related work was done in [^o[ 

In the case we are interested in here, the study of the motion of 0-brancs in 
terms of a quotient space description is simplified since there arc no fixed points 
of the space under the action of any element of the group F. The universal 
covering space of is M, where — M/Z, so we can study 0-branes on 

by considering the motion of an infinite family of 0-branes on M. If we 
wish to describe N 0-branes moving on S^, then, we must consider a family 
of 0-branes moving on M which are indexed by two integers n, i with n G Z 
and i e {1, . . . ,N} (see Figure ||). This gives us a system described by U{oo) 
matrix quantum mechanics with constraints. 

The U{oo) theory describing the 0-branes on the covering space has a set of 
matrix degrees of freedom described by fields „j . Such a field corresponds 
to a string stretching from the mth copy of 0-brane number i to the nth copy of 
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0-branc number j. For simplicity of notation, wc will suppress the i,j indices 
and write these matrices as infinite matrices whose blocks are themselves 
N X N matrices. 

The constraint of translation invariance under T = Z, imposes the condi- 
tion that the theory is invariant under a simultaneous translation of the 
coordinate by 27ri?g and relabeling of the indices n by n + 1. Mathematically, 
this condition says that 



mn 

v9 

mn 



^(m-l)(n-l)i 
2TTRgl + ^f„_i)(„_i) ■ 



m ^ n 



(20) 



Note that the matrix added to is proportional to the identity matrix. 
This is because the translation operation only shifts the diagonal components 
of the 0-brane matrices. An easy way to see this is that after X^ has been 
diagonalized, its diagonal elements correspond to the positions of the branes in 
direction X^; thus, adding a multiple of the identity matrix shifts the positions 
by a constant amount. Since the identity matrix commutes with everything, 
this is the correct implementation of the translation operation even when X^ 
is not diagonal. 

As a result of the constraints (pO|), the infinite block matrix X^^ can be 
written in the following form 



/ 




Xi 


X2 


X3 




\ 




X-i 


Xo - 27ri?9l 


Xi 


X2 


X3 






X.2 


X-i 


Xo 


Xi 


X2 






X-3 


X-2 


X-i 


Xa + 27ri?9l 


Xi 




V 




X-3 


X-2 


X-i 




1 



(21) 



where we have defined Xk — X^/^. 

A matrix of this form can be interpreted as a matrix representation of the 
operator 

X^ = id + A{x) (22) 

describing the action of a gauge covariant derivative on a Fourier decomposition 
of functions of the form 



(23) 



which are periodic on a circle of radius Rg = a' / Rg = 1/{2t:Rq). In order 
to see this correspondence concretely, let us first consider the action of the 
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derivative operator id on such a function. Writing the Fourier components as 
a column vector 

/ : \ 



(24) 



we find that the derivative operator acts as the matrix 

id = diag(. . . , -47riT!9l, -27ri?9l, 0, 2tiRq\, 47ri?9l, 



This is precisely the inhomogeneous term along the diagonal of (21) 
Decomposing the connection A{x) into Fourier components in turn 



(25) 



(26) 



we find that multiplication of 0(x) by A{x) precisely corresponds in the matrix 
language to the action of the remaining part of ( ^l| ) on the column vector 
representing 0(i), where X„ 

This shows that we can identify 



Xq^ is identified with A^ 



id' 



A' 



(27) 



under T-duality in the compact direction. This identification demonstrates 
that the infinite number of degrees of freedom in the matrix X' of a con- 
strained U{oo) Matrix theory describing N 0-branes on x can be pre- 
cisely packaged in the degrees of freedom of a U{N) connection on a dual 
circle of radius Rg — l/{2nRg). A similar correspondence exists for the 
transverse degrees of freedom X", a < 9, and for the fermion fields ip. Be- 
cause these fields are unchanged under the translation symmetry, the infinite 
matrices which they are described by in the 0-brane language satisfy condition 
( ^ ) without the inhomogeneous term. Thus, these degrees of freedom sim- 
ply become N x N matrix fields living on the dual whose Fourier modes 
correspond to the winding modes of the original 0-brane fields. 

This construction gives a precise correspondence between the degrees of 
freedom of the supersymmetric Matrix theory describing N 0-branes moving 
on X and the (1 -I- l)-dimensional super Yang-Mills theory on the dual 
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circle. To show that the theories themselves are equivalent it only remains to 
check that the Lagrangian of the 0-brane theory is taken to the super Yang- 
Mills Lagrangian under this identification. In fact, this is quite easy to verify. 
Considering first the commutator terms, the term 

Tr[X'',X'']^ {a,b^9) (28) 

in the 0-brane Matrix theory turns into the term 

[ dx Tr (29) 

of 2D super Yang-Mills. Note that the trace in the 0-brane theory is a trace 
over the infinite index n g Z as well as over i g {1, . . . , N}. The trace over n 
has the effect of extracting the Fourier zero mode of the corresponding product 
of fields in the dual theory. The factor of i?g — l/(27ri?9) in front of the integral 
in the 2D super Yang-Mills is needed to normalize the zero mode so that it 
integrates to unity. Technically, there should be a factor of l/|r| multiplying 
the 0-brane matrix Lagrangian because of the multiplicity of the copies; this 
factor is canceled by an overall factor of |r| from the trace, and since both 
factors are infinite we simply drop them from all equations for convenience. 

Now let us consider the commutator term when one of the matrices is . 
In this case we have 

Tr[X^X"]2 (30) 
which becomes after the replacement d2 



- {-^\ [ dx Tr {d<,X- - i[A9,X"])2 = - (^^) [ dx Tr (D^^X^)^ 

. 

which is precisely the derivative squared term for the adjoint scalars which we 
expect in the dual 1-brane theory. 

The kinetic term for X'^ in the 0-brane theory becomes the Yang-Mills 
curvature squared term in the dual theory 

Tr {DoX'^f ^ (^^^ j dx Tr F^^ . (32) 

The remaining terms in the 0-brane Lagrangian transform straightfor- 
wardly into precisely the remaining terms expected in a 2D super Yang-Mills 
Lagrangian with 16 supercharges. This shows that there is a rigorous equiva- 
lence between the low-energy field theory description of N 0-branes on x 
and the low-energy field theory description of N 1-branes wrapped around a 
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dual in the static gauge. We note again the fact that the Lagrangian in the 
dual Yang-Mills theory carries an overall multiplicative factor of the original 
radius Rg . This fact will play a significant role in later discussions, particularly 
in regard to Matrix theory. The fact that the coupling constant in the dual La- 
grangian should correspond with that of (|^) for a system of 1-branes indicates 
that under T-duality the string coupling transforms through g = g^/a' /Rg, 
which is what we expect from string theory. 

3.1.2 p-branes on a torus T'^ 

So far we have discussed the situation of N 0-branes moving on a space 
which has been compactified in a single direction. It is straightforward to 
generalize this argument to p-branes of arbitrary dimension moving in a space 
with any number of compact dimensions. By carrying out the construction 
described above for each of the compact directions in turn, it can be shown 
that the low-energy theory of N p-branes which are completely unwrapped on 
a torus T'^ is equivalent to the low-energy theory of {p + (i)-branes which 
are wrapped around the torus, in static gauge. The only new type of term 
which appears in the Lagrangian corresponds to a commutator term for two 
directions which are both compactified. In the original p-brane theory, such a 
term would appear as [X^jX**]^ (integrated over the p-dimensional volume of 
the brane). After T-duality on the two compact directions this term becomes 



which is just the appropriate Yang-Mills curvature strength squared term in 
the dual theory. Note that in the dual theory, the action is multiplied by a 
factor of RaRb, since each compact direction gives an extra factor of the radius. 

As a particular example of compactification on a higher dimensional torus, 
we can consider the theory of N 0-branes on a torus T'^. After interpreting the 
winding modes of each matrix in terms of Fourier modes of a dual theory, it 
follows that the Lagrangian becomes precisely that of super Yang-Mills theory 
in d 4- 1 dimensions with a Yang- Mills coupling constant gy m proportional to 
where V is the volume of the original torus T'*. 

3.1.3 Further comments regarding T-duality 

Throughout this section we have fixed the constant 27ra' = 1. It will be 
useful in some of the later discussions to have the appropriate factors of a' 
reinstated in (p7|). This is quite straightforward; since a' has units of length 
squared, the correct T-duality relation is given by 




(33) 



{2TTa')iid^ + Aa) 



(34) 
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where X'^ represents an infinite matrix of fieids including winding strings 
around a compactified dimension, and A represents a connection on a gauge 
bundle over the dual circle. 

It should be emphasized that this T-duality relation gives a precise cor- 
respondence between winding modes of strings on the original circle and mo- 
mentum modes on the dual circle. This is precisely the association expected 
from T-duality in perturbative string theory |^ . 

So far we have been discussing field configurations in the X"^ matrices 
which correspond in the dual picture to connections on a U{N) bundle with 
trivial boundary conditions. In fact, there are also twisted sectors in the theory 
corresponding to bundles with nontrivial boundary conditions. We will now 
discuss such configurations briefly. To make the story clear, it is useful to 
reformulate the above discussion in a slightly more abstract language. 

The constraints ( pO| ) can be formulated by saying that there exists a trans- 
lation operator U under which the infinite matrices transform as 

UX^'U-^ =X'' + S''^2ttRq1. (35) 

This relation is satisfied formally by the operators 

which correspond to the solutions discussed above. In this formulation of the 
quotient theory, the operator U generates the group F = Z of covering space 
transformations. Generally, when we take a quotient theory of this type, how- 
ever, there is a more general constraint which can be satisfied. Namely, the 
translation operator only needs to preserve the state up to a gauge transfor- 
mation. Thus, we can consider the more general constraint 

UX^U-^ = niX" + S''^2TrR9l)n-\ (37) 

where € U{N) is an arbitrary element of the gauge group. This relation is 
satisfied formally by 

X^ = id^ + Ag, U = n- e^'^**'^^ (38) 

This is precisely the same type of solution as we have above; however, there is 
the additional feature that the translation operator now includes a nontrivial 
gauge transformation. On the dual circle this corresponds to a gauge theory 
on a bundle with a nontrivial boundary condition in the compact direction 9. 
Note that even with such a nontrivial boundary condition, any U {N) bundle 
over is topologically trivial. An example of the type of boundary condition 
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which might appear would be to take to be a permutation in Sn- This type of 
gauge transformation has the effect in the original 0-brane theory of switching 
the labels of the 0-branes on each sheet of covering space. When translated 
into the dual gauge theory picture, this corresponds to a super Yang-Mills 
theory with a nontrivial boundary condition fl in the compact direction. 

A similar story occurs when several directions are compact. In this case, 
however, there is a constraint on the translation operators in the different 
compact directions. For example, if we have compactified on a 2-torus in di- 
mensions 8 and 9, the generators Us and C/g of a general twisted sector must 
generate a group isomorphic to and therefore must commute. The condi- 
tion that these generators commute can be related to the condition that the 
boundary conditions in the dual gauge theory correspond to a well-defined 
U{N) bundle over the dual torus. For compactifications in more than one 
dimension such boundary conditions can define a topologically nontrivial bun- 
dle. In Section ^ we will discuss nontrivial bundles of this nature in much 
more detail. It is interesting to note that this construction can even be gen- 
eralized to situations where the generators Ui do not commute. This leads to 
a dual theory which is described by gauge theory on a noncommutative torus 
|2|,||,||. 

3.2 S-duality for strings and super Yang-Mills 

The T-duality symmetry we have discussed above is a symmetry of type II 
string theory which is essentially perturbative, in the sense that the string 
coupling is only changed through multiplication by a constant. Another re- 
markable symmetry seems to exist in the type II class of theories which is 
essentially nonperturbative; this is the S-duality symmetry of the type IIB 
string |2^. S-duality is a symmetry which acts according to the group 
SL{2, Z) on the type IIB theory. At the level of the low-energy IIB supergrav- 
ity theory, the dilaton and axion form a fundamental SL{2, Z) multiplet, as 
do the NS-NS and R-R two-forms. Because the string coupling g is given by 
the exponential of the dilaton, this S-duality is a nonperturbative symmetry 
which can exchange strong and weak couplings. Because symmetries in the 
S-duality group exchange the NS-NS and R-R two-forms, we can see that S- 
duality exchanges strings and Dl-branes, and also exchanges D5-branes and 
NS (solitonic) 5-branes. As there is only a single four-form in the IIB theory, 
however, it must be left invariant under S-duality; it follows that S-duality 
takes a D3-brane into another D3-brane. 

Since D3-branes are invariant under S-duality, it is interesting to ask how 
we can understand the action of S-duality on the low-energy field theory de- 
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scribing N parallel D3-branes. This field theory is the reduction to four di- 
mensions of U{N) TV = 1 SYM in lOD, which is the pure U{N) TV = 4 super 
Yang-Mills theory in 3 -I- 1 dimensions. Since the Yang-Mills coupling of this 
theory is related to the string coupling through 9: the action of S- 

duality on this super Yang-Mills theory must be a nonperturbative S'L(2,Z) 
duality symmetry. In fact, for a number of years it has been conjectured that 
4D super Yang-Mills theory with TV = 4 supersymmetry has precisely such 
an S-duality symmetry. This is a supersymmetric version of the non-abelian 
S-duality symmetry proposed originally by Montonen and Olive. We will now 
briefly review the basics of this duality symmetry. 

Maxwell's equations describe a simple non-supersymmetric U{1) gauge 
theory in four dimensions. In the absence of sources, these equations have a 
very simple symmetry, which takes the curvature tensor F to its dual *F. This 
has the effect of exchanging the electric and magnetic fields in the theory (up to 
signs). Although this symmetry is broken when electric sources are introduced, 
if magnetic sources are also introduced then the symmetry is maintained when 
the electric and magnetic charges are also exchanged. 

This marvelous symmetry of U{1) gauge field theory seems at first sight 
to break down for non-abelian theories with gauge groups like U{N). It was 
suggested, however, by Montonen and Olive |^ that such a symmetry might 
be possible for non-abelian theories if the gauge group G were replaced by 



a dual group G with a dual weight lattice. Further work |27, ^ indicated 
that such a non-abelian duality symmetry would probably only be possible in 
theories with supersymmetry, and that the Af = A theory was the most likely 
candidate. Although there is still no complete proof that the TV = 4 super 
Yang-Mills theory in 4D has this S-duality symmetry, there is a growing body 
of evidence which supports this conclusion. 

The proposed non-abelian S-duality symmetry of 4D super Yang-Mills 
acts by the group S'i(2,Z), just as we would expect from string theory. The 
(rescaled) Yang-Mills coupling constant and theta angle can be conveniently 
packaged into the quantity 

r=^ + ^ (39) 
9ym 

which is transformed under SL{2, Z) by the standard transformation law 

+ ^ (40) 



CT -\- d 

where a,b,c,d(i Z with ad — be — 1 parameterize a matrix 



a b 
c d 



(41) 
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in SL{2, Z). In particular, the group SL{2, Z) is generated by the transforma- 
tions 

T ^ r + 1 (42) 
corresponding to the periodicity of 6, and 

t^-1/t (43) 

which inverts the couphng and corresponds to strong-weak duahty. 

There is by now a large body of evidence that S-duality is a true symmetry 
of A/" = 4 super Yang-Mills. However, to date there is no real proof of S-duality 
from the point of view of field theory. One of the strongest pieces of evidence 
for this duality symmetry is the fact that the spectrum of supersymmetric 
bound states of dyons is invariant under the action of the S-duality group; a 
detailed proof of this result and further references can be found in ||2^ . 



4 Branes and Bundles 

As we discussed in Section 3.1.3, there are different topological sectors for 
a system of 0-branes on a torus which correspond in the dual gauge theory 
language to nontrivial U{N) bundles over the dual torus. In fact, these topo- 
logically nontrivial configurations of branes correspond to systems containing 
not only the original 0-branes but also branes of higher dimension. In this sec- 
tion we describe in some detail a general feature of D-branes which amounts 
to the fact that the low-energy Yang- Mills theory describing Dirichlct p-branes 
also contains information about D-branes of both higher and lower dimen- 
sions. Roughly speaking, D-brancs of lower dimension can be described by 
topologically nontrivial configurations of the U{N) gauge field living on the 
original p-branes, while D-branes of higher dimension can be encoded in non- 
trivial commutation relations between the matrices describing transverse 
D-brane excitations in compact directions. In order to make the discussion 
precise, it will be useful to begin with a review of nontrivial gauge bundles on 
compact manifolds. In these notes we will concentrate primarily on configura- 
tions of D-branes on tori; on general compact spaces the story is similar but 



there are some additional subtleties |3(1, 3U 32, 3 



Review of vector bundles 

An introductory review of bundles and their relevance for gauge field theory is 
given in |]3^ . In this section we briefly review some salient features of bundles 
and Yang-Mills connections. Roughly speaking, a (real) vector bundle is a 
space constructed by gluing together a copy of a vector space 1/ = M*^ (called 
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Figure 4: Three patches on a manifold M over which a bundle is defined 



the fiber space) for each point on a particular manifold M (called the base 
manifold) in a smooth fashion. Mathematically speaking, a vector bundle can 
be defined by decomposing AI into coordinate patches Ui. The vector bundle 
is locally equivalent to [/^ x R*^. When the patches of M are glued together, 
however, there can be nontrivial identifications which give the vector bundle 
a nontrivial topology. For every pair of intersecting patches U, V there is 
a transition function between these patches which relates the fibers at each 
common point. Such a transition function fluv takes values in a group G 
called the structure group of the bundle. The transition function ^uv identifies 
(u, /') and {v, /) where u and v are points in U and V which represent the 
same point in M, and where the fiber elements are related through /' = Uuvf- 
In order to describe a well-defined bundle, the transition functions must 
obey certain relations called cocycle conditions. For example, if as in Figure ^ 
there are three patches U, V, W whose intersection is nonempty, the transition 
functions between the three patches must obey the relation 

fluv^vw^wu = id (44) 

where id is the identity element in G. This is clearly necessary in order that a 
point {u, /) in the intersection region not be identified with any other point in 
the same fiber after repeated application of the transition functions. 

This describes a bundle whose fiber is a vector space. Another type of 
bundle, called a principal bundle, has a fiber which is a copy of the structure 
group G itself. A Yang-Mills connection for a gauge theory with gauge group 
G is associated with a principal bundle with fiber G. Formally speaking, a 
Yang-Mills connection is a one-form which takes values in the Lie algebra 
of G. A connection of this type gives a definition of parallel transport in the 
bundle. The most important feature for our purposes is the transformation 
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property of such a connection under a transition function Q,, which is given by 
A' = Ct- A-Q-'^ -idn-n-^ (45) 

Generally, a physical theory will include both a Yang-Mills field and ad- 
ditional matter fields. The Yang-Mills connection is defined with respect to 
a particular principal bundle, and the matter fields are given by sections of 
associated vector bundles whose transition functions are given by particular 
representations of the G-valued transition functions of the principal bundle. 

Over any compact Euclidean manifold, such as the torus T'', there are 
many topologically inequivalent ways to construct a nontrivial bundle. One 
way to distinguish such inequivalent bundles is through the use of topologi- 
cal invariants called characteristic classes. One of the simplest examples of 
characteristic classes are the Chern classes. These classes distinguish topolog- 
ically inequivalent U{N) bundles, and are given by invariant polynomials in 
the Yang-Mills field strength 

F^,. = d^A, - d^A^ - i[A^, A,\. (46) 

The first two Chern classes are defined by 

Cl = T^TrF (47) 

C2 = At (Tr F A F - (Tr F) A (Tr F)) 

These forms Cj are integral cohomology classes, so that when Cj is integrated 
over any 2i-dimensional submanifold (homology class) the result is an inte- 
ger. As we will now discuss, in a low-energy D-branc Yang-Mills theory, these 
integers count lower-dimensional D-branes embedded in the original D-brane 
world- volume. 

4-2 D-branes from Yang-Mills curvature 

Let us consider the low-energy Yang-Mills theory describing N coincident p- 
branes. If the bundle associated with the Yang-Mills connection is nontrivial, 
this indicates that the gauge field configuration carries R-R charges which are 
associated with D-branes of dimension less than p. We will now formulate 
precisely the way in which these lower-dimensional D-branes appear, after 
which we will discuss the justification for these statements. 

Simply put, the integral form corresponding to the kth antisymmetric 
product of the curvature form F carries {p — 2A;)-brane charge. Thus, 

^ / Tr F corresponds to (p — 2) — brane charge. 
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/ Tr (F A F) corresponds to (p — 4) — branc charge. 
/ Tr (F A F A F) corresponds to (p — 6) — brane charge, etc. . . . 

More precisely, let us imagine that a (p — 2)-brane is wrapped around some 
(j> — 2)-dimensional homology cycle /ip_2 in the p-dimensional volume of the 
original p-branes. If we choose any two-dimensional cycle /i2, it will generically 
intersect /ip_2 in a fixed number of points, corresponding to the intersection 
number of these two cycles. Thus, any (p— 2)-cycle defines a cohomology class 
which associates an integer with any 2-cycle. This cohomology class is known 
as the Poincare dual of the original homology class. Using this correspondence 
we can state the connection between D-branes and field strength precisely: 
The integral cohomology class proportional to F A*^ F is the Poincare dual of 
a (p — 2/c)-dimensional homology class which describes a system of embedded 
(p — 2A:)-branes. 

The observation that the instanton number J FAF carries (p— 4)-brane 
charge was first made by Witten in the context of 5-branes and 9-branes [Q. 
The more general result for arbitrary p, k was described by Douglas |^6| . From 
the string theory point of view, this correspondence between D-branes and 
Yang-Mills curvature arises from a Chern-Simons type of term which appears 
in the full D-brane action, and is given by |37j 

Tr / A/\e^ (48) 

where ^ is a sum over all the R-R fields 

^ = (49) 
k 

and where the integral is taken over the full (p + l)-dimensional world- volume 
of the p-brane. For example, on a 4-brane FAF couples to A^^' through 

Tr / ^(1' A F A F, (50) 



demonstrating that F A F is playing the role of 0-brane charge in this case. 
The existence of the Chern-Simons term (^ ) can be shown on the basis of 
anomaly cancellation arguments ||3l|| . It is also possible, however, to show 
that these terms must appear simply using the principles of T-duality and 
rotational invariance |38[ ^ |4^ . We follow the latter approach here; in the 
following sections we show how the correspondence between lower-dimensional 
branes and wedge products of the curvature form can be seen directly in the 
low-energy Yang-Mills description of D-branes, using only T-duality and the 
intrinsic properties of Yang-Mills theory. 
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Figure 5: Transition functions defining a bundle over the 2-torus 



4-3 Bundles over tori 

We will be primarily concerned here with D-branes on toroidally compactified 
spaces. Thus, it will be useful to explicitly review here some of the properties 
of U{N) bundles over tori. Let us begin with the simplest case, the two-torus 

If we consider a space which has been compactified on with radii 

i?i = ii/(2^), i?2 - L2/(27r) (51) 

then the low-energy field theory of N wrapped 2-branes is U{N) SYM on T^. 
To describe a U{N) bundle over a general manifold, we need to choose a set 
of coordinate patches on the manifold. For the torus, we can choose a single 
coordinate patch covering the entire space, where the transition functions for 
the bundle are given by (see Figure ||) 

fliix2), fl2ixi). (52) 

A connection on a bundle defined by these transition functions must obey the 
boundary conditions 

Ai{xi+Li,x2) = Qi{x2)Ai{xi,x2)fii^{x2) (53) 

A2{xi+Li,X2) = ni{x2)A2{xi,X2)fii^{x2) - i {d2fll{x2)) ■ ^i^ix2) 
Ai{xi,X2+L2) = ^l2ixi)Ai{xi,X2)^2^i^i) ^ i'^l^-iixi)) ■ ^2^i^l) 
A2{xi,X2+L2) = n2{Xi)A2{Xi,X2)fl2^i^l) 

while a matter field in the fundamental representation must satisfy the 
boundary conditions 

(f>{xi + Li,X2) = il.l{x2)4>ixi,X2) 

(I){X1,X2 + L2) = fl2{xl)(j)ixi,X2). (54) 
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The cocycle condition for a well-defined U{N) bundle is 



I}i(i2)f^2(0)f^r\0)f72"^(ii) = 1. (55) 
In general, U (N) bundles over are classified by the first Chern number 

Ci= y" ci = ^ y" Tr F = fc e Z (56) 

Physically, this integer corresponds to the total non-abelian magnetic flux on 
the torus. In order to understand these nontrivial U{N) bundles, it is helpful 
to decompose the gauge group into its abelian and non-abelian components 

U{N) = ([/(I) X SUiN))/ZN. (57) 

Because the curvature F has a trace which arises purely from the abelian part 
of the gauge group, we see that the U{1) part of the total field strength for a 
bundle with Ci = A: is given by = k\/N . Such a field strength would not be 
possible for a purely abelian theory (assuming the existence of matter fields in 
the fundamental representation) since it would not be possible to satisfy (p5|). 
Once U{1) is embedded in U{N) through ([s^), however, this deficiency can be 
corrected by choosing SU {N) boundary conditions which correspond to a 
"twisted" bundle. Such boundary conditions satisfy 

hi{L2)n2{Q)n^\Q)n^\Li) = z (58) 

where Z — f-'^'^^'^/'^ \ is central in SU{N). Twisted bundles of this type were 
originally considered by 't Hooft . 

The integer k gives a complete classification of U{N) bundles over . 
Over a higher dimensional torus T", the story is essentially the same, however 
there is an integer kij for every pair of dimensions in the torus. For each 
dimension i there is a transition function, and for each pair i,j the transition 
functions satisfy a cocycle relation of the form (pa). 



4-. 4 Example: 0-branes as flux on 

We will now discuss nontrivial bundles on and show using T-duality that 
the first Chern class indeed counts 0-branes. 

Consider a U{N) theory on with total flux J Tr F = 27r. We can choose 
an explicit set of boundary conditions corresponding to such a bundle 

02(a;i) = 1 
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where 



V 



(60) 



Vl 



andr = Diag(0,0, ...,0,1). 

To understand the D-brane geometry of this bundle, let us construct a 
linear connection on the bundle, which will correspond in the T-dual picture 
to flat D-branes on the dual torus. The boundary conditions ( |59| ) admit a 
linear connection with constant curvature 



Ai = 



(61) 



with 



F = 



2tt 



-a. 



(62) 

NLIL2 

Because we have chosen the boundary conditions such that = 1 we can 
T-dualize in a straightforward fashion using X'^ = {2-Ka'){id2 + A2). After 
such a T-duality, X"^ represents the transverse positions of a set of 1-branes 
on T^. This field is represented by an infinite matrix with indices n € Z and 
i G {1, . . . , N}. In the (n, m) = (0, 0) block, the field X'^ is given by the matrix 




fL 







1 



(63) 



+ {N~1) I 



where 



47r2a' 



(64) 



Thus, we see that the T-dual of the original gauge field on describes a 
single 1-brane wrapped once diagonally around R2, and N times around Ri 
(See Figure I). 

The dual configuration has quantum numbers corresponding to N 1-branes 
on i?i and a single 1-brane on R2 ■ In homology this state could be written as 



iV.(l) + (2) 



(65) 
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Figure 6: An (A'^, 1) diagonally wrapped string dual to N 2-branes with one unit of flux 



Since wrapped 1-branes are T-dual to 0-branes, the original flux on the 2-brane 
corresponds to a single 0-brane. This gives a simple geometrical demonstration 
through T-duality of the result that the first Chern class counts (p — 2)-branes. 

It is straightforward to carry out an analogous construction for a system 
with k 0-branes. In this case, the nontrivial boundary condition becomes [E2| 



(66) 



with T being the diagonal matrix 
T = Diag(n, 



, n, n + 1, 



1) 



(67) 



where n is the integral part of k/N and where the multiplicities of the diagonal 
elements of T are N — k and k respectively. 

In the discussion in this section we have chosen to set ^2 = 1 for conve- 
nience. This makes the discussion slightly simpler since the T-duality relation 
in direction 2 is implemented directly through (|3^). For a nontrivial gauge 
transformation Q2 T-duality would give a configuration of the type described 
by (p7[). For example, if we used the more standard ('t Hooft type) boundary 
conditions for the bundle with k = 1 



ni{x2) = e2..(../L.)(l/7V)^ 

n2(xi) = V 



(68) 



where 



/I 



U : 



e " 



(69) 



2vri(]V-l) I 

e N / 



29 



Then after T-duality in direction 2 we would get a 1-brane configuration in 
which translation by 27ri?2 in the covering space would give rotation by V, 
permuting the labels on the 1-branes. This situation is gauge equivalent to the 
one we have discussed where the boundary conditions are given by (|5^). 

4.5 Example: 0-hranes as instantons on T'* 

Let us now consider nontrivial bundles on T^. From the previous discussion it is 
clear that a nonvanishing first Chern class indicates the existence of 2-branes 
in the system. For example, if / F12 = 27r then the configuration contains 
a 2-brane wrapped around the (34) homology cycle. A constant curvature 
connection with J F12 = 2tt and / -F34 = 2tt would correspond after T-duality 
in directions 2 and 4 to a diagonally wrapped 2-brane, and in the original 
Yang-Mills theory on corresponds to a "4-2-2-0" configuration with a unit 
of 0-brane charge as well as 2-brane charge in directions (12) and (34) |Q. A 
more interesting configuration to consider is one where the first Chern class 
vanishes but the second Chern class does not. This corresponds to an instanton 
in the U{N) gauge theory on T^. To consider an explicit example of such a 
configuration, let us take a U{N) gauge theory on a torus with sides all of 
length L. We want to construct a bundle with nontrivial second Chern class 
C2 = (Stt^)"^ J C2 = k and with ci — 0. There is no smooth U{N) instanton 
with /c = 1; a single instanton tends to shrink to a point on the torus |Q. 
Thus, we will consider a configuration with k = 2, N = 2. 

To construct a bundle with the desired topology we can take the transition 
functions in the four directions of the torus to be 



^2 — ^4 

03 



1 



(70) 



where 




(71) 



is the usual Pauli matrix. This bundle admits a linear connection 



Ai = A3 = 



A2 



21TXI 



(72) 



L2 
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whose curvature is given by 



Since Tr F = there is no net 2-brane charge, as desired. The instanton 
number of the bundle is 



^2 = A I d^xTi F AF = 2. (74) 



As we would expect from the discussion in section 4.2, this should correspond 
to the existence of two 0-branes in the system. We can see this by again using 
T-duality. After performing T-duality transformations in directions 2 and 4 
we get two 2-branes whose transverse coordinates are described by 

X^{xi,X3) = ±Lxi/L (75) 

where L — An'^a' /L. These 2-branes are wrapped diagonally on the dual 
in such a way that they correspond to the following homology 2-cycles 

brane 1 ^ (13) + (14) + (23) + (24) (76) 
brane 2 (13) - (14) - (23) + (24) 

The total resulting homology class is 2(13) + 2(24), which is T-dual to two 
4-branes and two 0-branes as expected. Further discussion of configurations of 
this type which are dual to instantons on can be found in |43, W2l . 



^.6 Branes from lower-dimensional branes 

In the preceding subsections we have discussed how, in general, (p— 2fc)-branes 
can be described by nontrivial gauge configurations in the world-volume of a 
system of parallel p-branes. We will now discuss the T-dual interpretation of 
this result, which indicates that it is equally possible to construct (p -I- 2k)- 
branes out of a system of interacting p-branes by choosing noncommuting 
matrices to describe the transverse coordinates. 

In the context of the preceding discussion, it is easiest to describe the 
construction of higher-dimensional branes from a finite number of p-branes in 
the case of toroidally compactified space. In Sections 7.2.2 and 7.2.3 we will 
discuss the construction of higher dimensional branes in noncompact spaces 
from a system of 0-branes. The simplest example of the phenomenon we wish 
to discuss here is the description of a 2-brane in terms of a "topological" 
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charge associated with the matrices describing N 0-brancs on T^. To see how 
a configuration with such a charge is constructed, consider again the diagonal 
(iV, 1) 1-brane on (Figure ||). If we take the toroidal dimensions to be 
Li X L2 then the diagonal 1-brane configuration satisfies 

Pi-ai),x2] = ^l. (77) 

By taking the T-dual on we get a system of N 2-branes with unit flux 

— 27r? 

Pi-zAi),(a2-zA2)]=-*F=— ^1, (78) 



as discussed in Section 4.4. If, on the other hand, we perform a T-duality 



transformation on , then we get a system of N 0-branes satisfying 

[X\X^]=^-^^1 (79) 

where Ri and R2 are the radii of the torus on which the 0-branes are moving. 
Since the 1-brane wrapped around X^ becomes a 2-brane on under the T- 
duality transformation which takes the 1-branes on X^ to 0-branes, we see that 
on a with area A a system of N 0-branes described by (infinite) matrices 
X satisfying 

Tr[X\X^]^'^ (80) 

carries a unit of 2-brane charge. Note that if the 0-branes were not moving on 
a compact space the quantity in ( |80| ) would vanish for TV finite. In the infinite 
N limit, however, as will be discussed in 7.2.2, this charge can be nonzero even 
in Euclidean space. 

This discussion generalizes naturally to higher dimensions. For example, 
a system of N 0-branes on a T** of volume V with 

Tr eabcdX^X^X-X" = ^ (81) 



will carry a unit of 4-brane charge |18, M. This is just the T-dual of the 



instanton number for a system of N 4-branes, which is associated with 0- 
brane charge as discussed above. Similarly, any system of p-branes on a 2k- 
dimensional transverse torus can be in a state with {p + 2fc)-brane charge. 

It is also, of course, possible to mix the two types of conditions we have 
discussed to describe, for example, 2-brane charge on the (34) homology cycle of 
a 4-torus in terms of a gauge theory of 2-branes wrapped on the (12) homology 
cycles. Such a charge is proportional to 

Tr {F,2[X^X^] - {D^X^){D2X^) + {D.X^D^X^)) . (82) 
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4- 7 Strings and electric fields 



We have seen that the gauge fields and transverse coordinates of a system of 
p-branes can be combined to give (p ± 2fc)-brane charge. It is also possible to 
choose gauge fields on the world-volume of a p-brane which describe funda- 
mental strings. Consider a system of 0-branes moving on a space which has 
been compactified in direction X^. Clearly, these 0-branes can be given mo- 
mentum in the compact direction; this momentum is proportional to and 
is quantized in units of 1/R. Under T-duality on the , we have 



Thus, momentum of a set of 0-branes corresponds to electric flux around the 
compact direction in the dual gauge theory. Since string momentum is T-dual 
to string winding, we see that electric flux in a gauge theory on a compact space 
can be associated with fundamental string winding number. It is natural to 
give this result a local interpretation, so that lines of electric fiux in a gauge 
theory correspond to fundamental strings even in noncompact space. 

It is interesting to note that 0-brane momentum in a compact direction and 
the T-dual string winding number are quantized only because of the quantum 
nature of the theory. On the other hand, the quantization of fiux giving 0-brane 
charge in a gauge theory on arises from topological considerations, namely 
the fact that the first Chern class of a U{1) bundle is necessarily integral. 
Nonetheless, in string theory these quantities which are quantized in such 
different fashions can be related through duality. It is tempting to speculate 
that a truly fundamental description of string theory would therefore in some 
way combine quantum mechanics and topological considerations in a novel 
fashion. 

5 D-brane Interactions 

So far we have discussed the geometry of D-branes as described by super Yang- 
Mills theory. We now proceed to describe some aspects of D-brane interactions. 
We begin with a discussion of D-brane bound states from the point of view of 
Yang-Mills theory. We then discuss potentials describing interactions between 
separated D-branes. 

5.1 D-brane bound states 

Bound states of D-branes were originally understood from supergravity (as 
discussed in the lectures of Stelle at this school and by duality from 




(83) 
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the perturbative string spectrum |jT^, There are a number of distmct 

types of bound states which are of interest. These include p — p' bound states 
between D-branes of different dimension, p — p bound states between identical 
D-branes, and bound states of D-branes with strings. We will discuss each of 
these systems briefly; in order to motivate the results on bound states, however, 
it is now useful to briefly review the concept of BPS states. 

5.1.1 BPS states 

Certain extended supersymmctry (SUSY) algebras contain central terms, 
so that the full SUSY algebra has the general form 

{Q,Q)^P + Z. (84) 

For example, in D = 4, TV = 2 U{2) super Yang-Mills ||^, 

{SapU + {-f5)al3V) . (85) 

where 

U = {^)e V = {^)g (86) 

are related to electric and magnetic charges after spontaneous breaking to 
U{1). Since {Qai,Qf3j} is positive definite it follows that 



so 

M > {4>) v/e2 + 52 

This inequality is saturated when {Qai,Qf3j} has vanishing eigenvalues. 
This condition implies Qjstate) = for some Q. Thus, any state with a mass 
saturating the inequality (88) lies in a "short" representation of the super- 
symmetry algebra. Because this property is protected by supersymmctry, it 
follows that the relation between the mass and charges of such a state cannot 
be modified by perturbative or nonperturbative effects (although the mass and 
charges can be simultaneously modified by quantum effects). 

Similar BPS states appear in string theory, where the central terms in 
the SUSY algebra correspond to NS-NS and R-R charges. As in the above 
example, states which preserve some SUSY are BPS saturated. There are 
many ways of analyzing BPS states in string theory. The spectrum of BPS 
states with a particular set of D-brane charges can in some cases be determined 
through duality from perturbative string states Such dualities 

allow the number of BPS states with fixed charges to be counted. BPS states 
can also be found through the space-time supersymmctry algebra p] , providing 
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a connection to the large body of known results on supergravity solutions |Q . 
We can also analyze BPS states using the Yang-Mills or Born-Infcld theory on 
the world-volume of a set of D-branes. We will follow this latter approach in 
the next few sections. 

Before discussing BPS bound states in detail, let us synopsize results on 
the energies of these states which can be obtained from duality or the su- 
persymmetry algebra We will then show that these results are correctly 
reproduced in the SYM description. 

i. p — p BPS systems are marginally bound. This means that the energy of a 
bound state of N p-branes, when such a state exists, is NEp where Ep is the 
energy of a single p-brane. 

ii. p — {p + 4) BPS systems are marginally bound. For a bound state of Np 
p-branes and Np+4 {p + 4)-branes the total energy is E — NpEp + Np+4Ep+4. 

in. p — {p + 2) BPS systems are truly bound when Np and Np+2 are relatively 
prime. For these systems, the energy is _E = yJ{NpEpY -\- (A'"p+2£^p+2)^- 



iv. 1-brane/string BPS systems are truly bound, E = \J (N\E\Y + (NsEs)'^. 

The energies given for these states are the exact energies expected from 
string theory. These are expected to correspond with the Born-Infeld energies 
of these bound state configurations. From the Yang-Mills point of view we 
only see the term in the expansion of the Born-Infeld energy around a flat 
background, as in (||). A static field configuration on a single flat p-brane has 
Born-Infeld energy 

Ebi = Tp^Jd^MAj^2^^^^^. (89) 

It is not completely understood at this time how to generalize the Born-Infeld 
action to arbitrary non-abelian fields [^0[ ^ . In the case where all components 
of the field strength commute, however, the Born-Infeld action can be defined 
by simply taking a trace outside the square root in (^9|) . This gives the expected 
formula for the non-abelian super Yang-Mills energy at second order 

EYM=TpTi''a'^ j Ti Ffj. (90) 

We will now discuss the descriptions of various bound states in the super 
Yang-Mills formalism and show that ( ^0| ) indeed has the expected BPS value 
for these systems. 

5.1.2 0-2 bound states 

The simplest bound state of multiple D-branes from the point of view 
of Yang-Mills theory is a bound state of 0-branes and 2-branes where the 2- 



branes are wrapped around a compact 2-torus [pl|. As discussed in Section 4.4 
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a system containing N 2-branes and k 0-branes (with the 0-branes confined to 
the surface of the 2-branes) is described by a C/ (N) Yang-Mills theory with total 
magnetic flux J F = 27rfc. From simple dimensional considerations it is clear 
that the energy of the configuration is minimized when the flux is distributed 
as uniformly as possible on the surface of the 2-branes. This follows from the 
fact that in the Yang-Mills theory the energy scales as J F^. For example, if 
we consider a fleld conflguration F corresponding to a 0-brane on an infinite 2- 
brane, the energy can be scaled by a factor of while leaving the fiux invariant 
by taking F{x) p^F{px); thus the energy can be taken arbitrarily close to 
by taking p 0. 

On a compact space such as T^, the energy is minimized when the flux 
is uniformly distributed. Precisely such a conflguration of N 2-branes and k 



0-branes was considered in Section 4.4. The Yang-Mills energy of this conflg- 



uration corresponds to the second term in the power series expansion of the 
expected Born-Infeld energy for a BPS conflguration 

E = ^{Nt2LxL2Y + {kTof = NT2L1L2 + T2n^a'^ J Tr F^ + ■ ■ ■ (91) 

where 

F,2 = ^^1. (92) 

Thus, we see that the Yang-Mills energy is indeed that expected of a BPS 
bound state. The fact that this conflguration is truly bound is particularly 
easy to see in the T-dual picture, where it corresponds to a state of Dl-branes 
with winding numbers k on the dual torus. Clearly, when N and k are 
relatively prime, the lowest energy state of this 1-brane system is a single 
diagonally wound brane. This is precisely the system described in Section 



4.4 as the dual of the 0-2 system with uniform flux density. When N and k 
have a greatest common denominator n then the system can be considered 
to be a marginally bound conflguration of n [N /n,k/n) states. In this case 
the moduli space of constant curvature solutions has extra degrees of freedom 
corresponding to the independent motion of the component branes js^ . 

Since the 0-2 bound states saturate the BPS bound on the energy, it is 
natural to try to check that there is an unbroken supersymmetry in the super 
Yang-Mills theory. Naively applying the supersymmetry transformation (nj 



54' = ~\F^,T^^''e (93) 

it seems that the state is not supersymmetric, since 

(ri2)2 = _i (94) 
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and therefore Sip cannot vanish for all e when F12 ^ 1. There is a subtlety here, 
however ||5^, In the IIA string theory there are 32 supersymmetries. 16 are 
broken by the 2-brane and therefore do not appear in the SUSY algebra of the 
gauge theory. To see the unbroken supersymmetry it is necessary to include 
the extra 16 supersymmetries, which appear as linear terms in jl^). After 
including these terms we see that as long as F is constant and proportional 
to the identity, the Yang-Mills configuration preserves 1/2 of the original 32 
supersymmetries, as we would expect for a BPS state of this type. Thus, 
although the — 2 bound state breaks the original 16 supersymmetries of the 
SYM theory, there exists another linear combination of 16 SUSY generators 
under which the state is invariant. 

5.1.3 0-4 bound states 

We now consider bound states of 0-branes and 4-branes. A system of N 
4-branes, no 2-branes and k 0-branes is described by a U{N) Yang-Mills config- 



uration with instanton number C2 — k, as discussed in Section 4.5, Unlike the 
0-2 case, on an infinite 4-brane world- volume the Yang-Mills configuration can 
be scaled arbitrarily without changing the energy of the system. This follows 
from the fact that the instanton number and the energy both scale as F^. The 
set of Yang-Mills solutions which minimize the energy for a fixed value of C2 
form the moduli space of U (N) instantons. This corresponds to the classical 
moduh space of 0-4 bound states. 

If we compactify the 4-brane world- volume on a torus then the moduli 
space of 0-4 bound states becomes the moduli space of U (N) instantons on 
with instanton number k [p5[. As an example we now describe a particularly 



simple class of instantons in the case N = k = 2 considered in Section 4.5 
If we allow the dimensions of the torus to be arbitrary, there are solutions of 
the Yang-Mills equations with constant curvature F12 — 2ttt3TL/{LiL2), F34 — 
2TrT3l- / . It is a simple exercise to check that the Yang-Mills energy of 
this configuration is greater or equal to the energy 2tq of two 0-branes, with 
equality when L1L2 = L3L4. In fact, in the extremal case the Born-Infcld 
energy 



E = 2r4 V4 y^(l + 47r2a'2F22)(l + ATr^a'^F^^) = 2x4^4 + 2tq (95) 

factorizes exactly so that there are no higher order corrections to the Yang-Mills 
energy. The extremality condition here amounts to the requirement that the 
field strength F is self-dual. In this case, precisely 1/4 of the supersymmetries 
of the system are preserved, and the mass is therefore BPS protected. As 



discussed in Section 4.5, this field configuration is T-dual to a configuration of 



two 2-branes intersecting at angles. The self-duality condition is equivalent to 
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the condition that the angles 0i,02 relating the intersecting branes are equal; 
this is precisely the necessary condition for a system of intersecting branes to 
preserve some supersymmetry [^5| . 

In general, on any manifold the moduli space of instantons is equivalent 
to the space of self-dual or anti-self-dual field configurations. This follows 
essentially from the inequality 



As we have discussed, the moduli space of instantons is, roughly speaking, the 
classical moduli space of bound state configurations for a 0-4 system. There 
are several complications to this story, however, which we now discuss briefly. 

The first subtlety is that when an instanton shrinks to a point, the associ- 
ated 0-brane can leave the surface of the 4-branes on which it was embedded. 
Although this is a natural process from the string theory point of view, this 
phenomenon is not visible in the gauge theory living on the 4-brane world- 
volume. Thus, to address questions for which this process is relevant, a more 
general description of a 0-4 system is needed. One approach which has been 
used ll^, ^ is to incorporate two gauge groups U{N) and C/(fc), describing 
simultaneously the world-volume physics of the 4-branes and 0-branes. In ad- 
dition to the gauge fields on the two sets of branes this theory contains a set 
of additional hypermultiplets x corresponding to 0-4 strings. If the dynamics 
of the 4-brane are dropped by ignoring fluctuations in the U{N) fields, then 
the remaining theory is the dimensional reduction of an Af — 2 super Yang- 
Mills theory in four dimensions with Nk hypermultiplets. The moduli space 
of vacua for this theory has two branches: a Coulomb branch where x = 
and a Higgs branch where the 0-brane lies in the 4-brane world-volume. It was 
shown by Witten (in the analogous context of 5-branes and 9-branes) that 
the Higgs branch of this theory is precisely the moduli space of instantons on 
M"*. In fact, the ADHM construction of this moduli space involves precisely 
the hyperkahler quotient which gives the Higgs branch of the moduli space of 
vacua for the Af — 2 Yang-Mills theory. The generalization of this situation to 
arbitrary p— (p + A) brane systems was discussed by Douglas |5^ who also 
showed that the instanton structure can be seen by a probe brane. 

A second complication which arises in the discussion of 0-4 bound states 
is that on compact manifolds such as T'* for certain values of N and k there 
are no smooth instantons. For example, for N = 2 and fc = 1, instantons 
on tend shrink to a point so there are no smooth instanton configurations 
with these quantum numbers. It was argued by Douglas and Moore [^| that a 
complete description of the moduli space in this case requires the more sophis- 




(96) 
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ticated mathematical machinery of sheaves. Using the language of sheaves it 
is possible to describe a moduli space analogous to the instanton moduli space 
for arbitrary k. One argument for why this language is essential is that the 
Nahm-Mukai transform which gives an equivalence between moduli spaces of 
instantons on the torus with (N, k) and (fc, N) is only defined for arbitrary N 
and k in the sheaf context (See for a review of the Nahm-Mukai transform 
and further references). This equivalence amounts to the statement that the 
moduli space of 0-4 bound states is invariant under T-duality, which is a result 
clearly expected from string theory. 

This discussion has centered around the classical moduli space of 0-4 bound 
states. In the quantum theory, the construction of bound states essentially in- 
volves solving supersymmetric quantum mechanics on this moduli space, giving 
a relationship between the number of discrete bound states and the cohomol- 
ogy of the moduli space Q . Precisely solving this counting problem requires 
understanding how the singularities in the moduli space are resolved quantum 
mechanically. The mathematics underlying the resolution of these singularities 
again involves sheaf theory |^ |60) . A fully detailed description of how this 
state counting problem works out on a general compact 4-manifold has not 
been given yet, although there are many results in special cases, particularly 
for asymptotic values of the charges, which are applicable to entropy analy- 
sis for stringy black holes; this issue will be discussed in further detail in the 
lectures of Maldacena at this school. 

5.1.4 0-6 and 0-8 hound states 

So far we have discussed 0-2 and 0-4 bound states from the Yang-Mills 
point of view. In both cases there are classically stable Yang-Mills solutions 
which correspond to a p-brane with a gauge field strength carrying brane 
charge. It is natural to ask what happens when we try to construct analogous 
configurations for p = 6 or 8. From the scaling argument used above, it is clear 
that a 0- brane on an infinite 6- or 8-brane will tend to shrink to a point, since 
the 0-brane charge scales as or F"* while the energy scales as Thus, 
in general we would expect that a 0-brane spread out on the surface of a 6- 
or 8-brane would tend to contract to a point and then leave the surface of 
the higher dimensional brane. In fact, analysis of the SUSY algebra in string 
theory indicates that BPS states containing 0-brane and 6- or 8-brane charge 
have vanishing Yang-Mills energy so that the 0-brane cannot have nonzero 
size on the 6/8-brane. Strangely, however, on the torus or there are 
(quadratically) stable Yang- Mills configurations with charges corresponding to 
0-branes and no other lower-dimensional branes lO. For example, on we 
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can construct a field configuration with 
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where 
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This solution is quadratically stable, but breaks all supersymmetry. It is T- 
dual to a system of 4 3-branes intersecting pairwise on lines. In the quantum 
theory these configurations must be unstable and will eventually decay; how- 
ever, because of the classical quadratic stability we might expect that the 
states would be fairly long-lived. These configurations seem to be related to 
metastable non-supersymmetric black holes [ p2| , |63| . 

5.1.5 p — p bound states 

We now consider the question of bound states between parallel branes of 
the same dimension. As in the case of 0-4 bound states, the existence oi p — p 
bound states depends crucially upon subtleties in the quantum theory, and is 
a somewhat complicated question. We review the story here very briefly; for 
a much more detailed analysis the reader is referred to the paper of Sethi and 
Stern Q . Recall that the world- volume theory of N p- branes is U (N) Af — I 
SYM in lOD dimensionally reduced to p -I- 1 dimensions. The bosonic fields in 
this theory are Aa and X". The moduli space of classical vacua for N p-branes 
is the configuration space 

(M9-P)^ 



S 



N 



(100) 



where Spf arises from Weyl symmetry. Thus, classically the branes move freely 
and there is no apparent reason for a bound state to occur. 

Once we include quantum effects, the story becomes more subtle. Let 
us restrict ourselves for simplicity to the case of two 0-branes, corresponding 
to supersymmetric U{2) matrix quantum mechanics (|l8|). If we had a purely 
bosonic theory, then it is easy to see that if we consider a classical configuration 
where the two 0-branes are separated by a distance r then the off-diagonal 
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matrix elements would behave like harmonic oscillators with a quantum ground 
state energy proportional to r. Thus, in the classical bosonic theory we expect 
to see a discrete spectrum of bound states Once supersymmetry has 

been included, the fermions contribute ground state energies with the opposite 
sign, which precisely cancel the zero-point energies of the bosons. In principle, 
this allows for the possibility of a zero-energy ground state corresponding to 
a marginal bound state of two 0-branes. The existence of such a state was 
finally proven definitively in the work of Sethi and Stern . Remarkably, the 
existence of the marginally bound state depends crucially upon the large degree 
of supersymmetry in the 0-brane matrix quantum mechanics. The analogous 
theories with 8 and 4 supersymmetries which arise from dimensional reduction 
of Af — I theories in 6 and 4 dimensions have no such bound states. 

5.1.6 Bound states of D- strings and fundamental strings 

We conclude our discussion of bound states with a brief discussion of bound 
states of D-strings with fundamental strings. This was in fact the first of the 
bound state configurations described here to be analyzed from the point of 
view of the D-brane world- volume gauge theory ||]. In IIB string theory, 
states of 1-branes and strings with quantum numbers {N, q) transform as a 
vector under the SL{2, Z) S-duality symmetry. Combining this symmetry with 
T-duality, the following diagram shows that N D-strings and q fundamental 
strings should form a truly bound state when N and q are relatively prime 
since this configuration is dual to an q 2-0 system: 

IIA ^ IIB <- IIB IIB 

D2(12)+D0 D3(123)+D1(3) D3(123)-KF1(3) D1(3)+F1(3) 

Indeed, Witten showed that an argument for the existence of such a bound 
state can be g iven in terms of the world-volume gauge theory. As discussed 



in Section 4/7, string winding number is proportional to electric flux on the 1- 
brane world-sheet. As mentioned previously, the quantization of fundamental 
string number is therefore a quantum effect in this gauge theory; the flux 
quantum in the U{N) theory 

can be related to the fundamental unit of momentum of a 0-brane on a T-dual 
circle 

t: = = (102) 

gVa' NR 
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through 



gy/a'TT = (27ra')e = g/N. 



(103) 



In terms of this flux quantum it is easy to check that the leading term in 
the Born-Infcld expression for the bound state energy indeed corresponds with 
that found in the gauge theory 



5.2 Potentials between separated D-hranes 

Now that we have discussed bound states of various types of D-branes, we go on 
to consider interactions between separated branes. In string theory the dom- 
inant long-distance interaction between D-branes is found by calculating the 
annulus diagram which corresponds to the exchange of a closed string between 
the two objects (See Figure 0). At long distances, this amplitude is dominated 
by the massless closed string modes, which give an effective supergravity in- 
teraction between the objects. The annulus diagram can also be interpreted 
in the open string channel as a one-loop diagram. We expect that the gauge 
theory description of the interaction between the branes should be given by 
the massless open string modes, which are relevant at short distances. These 
two calculations (restricting to massless closed and open strings respectively) 
represent different truncations of the full string spectrum. There does not seem 
to be any a priori reason why gauge theory should correctly describe long dis- 
tance physics, although in some cases the calculations may agree because the 
configuration has some supersymmetry protecting its physical properties. The 
original computations of interactions between separated D-branes were carried 
out in the context of the full string theory spectrum |3^, In the spirit 
of these lectures, however, we will confine our discussion to aspects of D-brane 
interactions which can be studied in the context of Yang-Mills theory. As we 
shall see, many of the important qualitative features (and some quantitative 
features) of D-brane interactions can be seen from this point of view. 

In the next few subsections we consider static potentials between branes 
of various dimensions. Using T-duality, one of these branes can always be 
transformed into a 0-brane, so without loss of generality we restrict ourselves 
to interactions between 0-branes and p-branes with p even. 

5.2.1 Static p — p potential 



E 




(104) 



42 



Figure 7: Annulus diagram for D-brane interactions 

To begin with, let us consider a pair of parallel p-branes. In Yang-Mills 
theory such a configuration is described by a U{2) gauge theory with a nonzero 
scalar VEV 

(X'^)=d(r3 + l)/2= ;J I ) (105) 

where d is the distance between the branes. For any d, this is a BPS configura- 
tion with Born-Infeld energy 2 Ep and vanishing Yang-Mills energy. Therefore 
there is no force between the branes even in the quantum theory. This agrees 
with the results of the full string calculation by Polchinski Q . In the (closed) 
string calculation, there is a delicate balance between NS-NS and R-R string 
exchanges. Note that in a purely bosonic theory, although there is no clas- 
sical potential between the branes, there is a quantum-mechanical attraction 
between the branes due to the zero-point energy of the off-diagonal fields, as 
mentioned in the discussion of 0-brane bound states. 

5.2.2 Static 0-2 potential^ 

Unlike the p — p system, a configuration containing a single 2-brane and 
a single 0-brane cannot be described by a simple gauge theory configuration 
when the branes are not coincident. This makes it slightly more difficult to 
study the interactions between a 0-brane and a 2-brane in Yang-Mills theory. 
Since we know that the static potential between a pair of 2-branes must vanish, 
however, we can study the static potential between a 0-brane and a 2-brane 
by attaching the 0-brane to an auxiliary 2-brane. Thus, we consider a pair of 
2-branes on a torus of area L^, corresponding to a U{2) gauge theory with 
a single unit of magnetic flux Tr J = 2tt. If we fix the expectation values 
of the scalar fields to vanish except in a single direction with = 
then the branes are fixed at a relative separation d. For a fixed value of d, we 
can then minimize the Yang-Mills energy associated with the gauge field A^. 
This energy will depend upon the separation d because of the terms of the 
form [Aq, X^]^, and gives a classical potential function V{d). As we discussed 

''This subsection is based on conversations with Hashimoto, Lee, Peet and Thorlacius. 
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Figure 8: D-string configurations which are T-dual to a pair of separated 2-branes with a 
unit of flux (0-brane charge) 

in Section 5.1.2, when d = the energy will be minimized when the flux is 
shared between the two 2-branes, corresponding to a (2,1) bound state. In this 
case the Yang-Mills energy of the system is proportional to 



On the other hand, when d is very large the energy will be minimized when 
the flux is constrained to one of the diagonal U(l)'s corresponding to a single 
brane, so that 



In this case the flux cannot be shared because the constant scalar field is 
not compatible with the boundary conditions (|5^) needed for the curvature to 
be proportional to the identity matrix. The energetics of these two limits are 
easy to understand in the T-dual picture, where the configuration at c? = 
corresponds to a single diagonally wrapped (2,1) D-string while the d — > cx) 
configuration corresponds to a pair of strings with windings (1, 0) and (1,1) 
(See Figure ^) . 

In fact, it turns out that the potential function v(d) is constant for any 
d greater than a critical distance |67). Beyond this distance, the 0-brane 
and 2-brane have essentially no interaction classically. Below this distance, 
however, the solution where the fiux is confined to a single 2-brane becomes 
unstable and the potential function drops continuously down to the value 1/2 
at d = 0. When quantum effects are included, for example by integrating out 
at one loop the off-diagonal terms, the potential is smoothed and the force 
between the objects becomes nonzero and attractive at arbitrary distance. 




(106) 




(107) 
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These results agree perfectly with the full string calculation, which indicates 
that there is an attractive potential at all distances | ]66{ . 

It is interesting to compare this analysis with a similar discussion by Dou- 
glas, Kabat, Pouliot and Shenker (DKPS) of the potential between a pair 
of 1-branes carrying a single fundamental string charge. The situation they 
consider is dual to the 0-2 configuration we are discussing; however, because 
the quantization of electric field strength occurs only at the quantum level, the 
potential they calculate appears only when quantum effects are considered. 
The one-loop potential they calculate is smooth and gives a nonzero attractive 
force at all distances, as we expect from the one-loop calculation in the 0-2 
case. 

The fact that the force between the 0-brane and 2-brane is mostly localized 
within a finite distance dc provides a simple example of a general feature which 
is most clearly seen in brane-anti-brane interactions []68| . Namely, when two 
brane configurations are separately stable but can combine to form a lower en- 
ergy configuration, at a distance analogous to dc a tachyonic instability appears 
in the system which indicates the existence of the lower energy configuration. 
A similar situation to the one we have described here occurs when two 2-branes 
are provided with 0-brane and anti-O-brane charges respectively. In this case 
when the 2-branes are brought sufficiently close a tachyonic instability appears 
which allows the 0-brane and anti-O-brane to annihilate. In the Yang-Mills lan- 
guage we are using here, these unstable modes can be explicitly constructed 
as degrees of freedom in the gauge field. Because of the nontrivial boundary 
conditions on the field, these degrees of freedom are described as theta func- 
tions which are sections of a nontrivial U(l) bundle on the torus. Using these 
theta functions, the tachyonic instabilities associated with brane-brane and 
brane-anti-brane forces can be precisely analyzed |6^ . 

5.2.3 Static 0-4 potential 

Just as we placed a 0-brane on an auxiliary 2-brane to determine the 
form of the static 0-2 potential, we can place a 0-brane on a pair of auxiliary 
4-branes to determine the static potential between a 0-brane and a 4-brane. 
Thus, we consider a set of 3 (uncompactified) 4-branes with a scalar field 

~ Diag((i, d, 0), with a U{2) instanton living on the first two 4-branes. 
This configuration has a self-dual gauge field, so it is a BPS state in the moduli 
space of C/(3) instantons. Thus, the potential is independent of the distance 
d even after quantum effects are considered and we see that there is no static 
potential between 0-branes and 4-branes. This is in agreement with the results 
from the full string calculation [ |66[ . 

5.2.4 Static 0-6 and 0-8 potential 
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The static potential between a 0-brane and a 6-brane or an 8-brane is not 
as easy to understand from the point of view of gauge theory as in the 0-0, 0-2, 
and 0-4 cases, since there are no known 0-6 or 0-8 bound states. As mentioned 
in Section 5.1.4, however, a set of 4 or 8 0-branes can be smoothly distributed 
on the world- volume of 4 or 8 6-branes or 8-branes in a stable way after energy 
is added to the system. In the case of the 6-brane, this corresponds to the 
fact that there is a repulsive interaction between 0-branes and 6-branes (as 
determined by the string calculation), so that energy is needed to push them 
together from an infinite separation. Based on Yang-Mills theory alone, then, 
one might think that in the 0-8 case one would also get a repulsive force between 
the branes. There is an extra complication in this case, however, arising from 
interactions via R-R fields. In fact, the potential between separated 0-branes 
and 8-branes vanishes and such configurations preserve some supersymmetry. 
The 0-8 story has a number of subtleties, however. For example, as a 0- 
brane passes through an 8-brane, a (fundamental) string is created |7^, ^ 
|73t . This string produces a charge density on the 8-brane world- volume. The 
physics associated with this system is still a matter of some discussion. 

5.2.5 0-brane scattering 

We will now consider the interaction between a pair of moving 0-branes. 
The classical configuration space for a pair of 0-branes is the flat quotient space 



As discussed in Section 5.2.1, this configuration space is protected by super- 
symmetry, so that all points in the space correspond to classical BPS states 
of the two 0-brane system. When the two 0-branes have a nonzero relative 
velocity, however, the supersymmetry of the system is broken and a velocity- 
dependent potential appears between the branes. The leading term in this 
potential can be determined by performing a one-loop calculation in the 0- 
brane quantum mechanics theory. We will now review this calculation briefly. 
The Yang-Mills calculation of the potential between two moving 0-branes was 
first carried out by Douglas, Kabat, Pouliot and Shenker [Q; many variations 
on this calculation have appeared in the literature over the last year or so, 
particularly in the context of Matrix theory. This calculation will be discussed 



further in Section 7.3 



To find the velocity-dependent potential at one-loop, we begin by consid- 
ering a classical background solution for the two-particle system in which the 
two 0-branes are moving with relative velocity v in the direction with an 
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impact parameter of b along the X'^ axis 

- hi) 

To calculate the effective potential between these 0-branes at one-loop 
order, we need to integrate out the off-diagonal fields. We can perform the 
calculation in background-field gauge, where we set 

X" = {X") + SX" (110) 

and where we add a background-field gauge fixing term 

-^(^+*[(^">,^^)' (111) 

to the Lagrangian (^. We can calculate the one- loop potential by expanding 
the action to quadratic order in the off-diagonal fluctuations. In the quasi- 
static approximation, which is valid to leading order in the inverse separation 
[0 , the potential is then simply given by the sum of the ground state energies 
of the corresponding harmonic oscillators. There are 10 (complex) bosonic 
oscillators, with frequencies 

uJb ~ Vr^ with multiplicity 8 

Wf, = \^ ± 2iv with multiplicity 1 each. 

where r — \/b^ + v'^P is the distance between the branes at time t. There are 
also 2 ghosts with frequencies 

= V^, (112) 
and there are 16 fermions with frequencies 

Uf = \/ ± iv with multiplicity 8 each. (113) 
The velocity-dependent potential is then given by 

V = J2^,-2u;g-l/2j2^j. (114) 

b f 

For t) = the frequencies clearly cancel and the potential vanishes. For nonzero 
V we can expand each frequency in a power series in 1/r. At the first three 
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orders in vjr^ the potential vanishes; the first nonvanishing term appears at 
fourth order, so that the potential between the 0-branes is given at leading 
order by 

no - 1^- (115) 

As we will discuss in more detail in the following sections, it can be checked that 
this is in precise agreement with the corresponding potential in supergravity, 
including the multiplicative constant. 



6 M(atrix) theory: The Conjecture 

In the first four lectures we accumulated a fairly wide range of results which 
can be derived from the Yang-Mills description of D-branes. The last lecture 
(Sections ^, ^and^) contains an introduction to the Matrix theory conjecture, 
which states that the large N limit of the Yang-Mills quantum mechanics of 0- 
branes contains a large portion of the physics of M-theory and string theory. As 
we shall see, much of the evidence for the Matrix theory conjecture is based on 
properties of the Yang-Mills description of D-branes which we have discussed 
in the context of type II string theory. The discussion given here of Matrix 
theory is fairly abbreviated and focuses on understanding how the objects and 
interactions of supergravity can be found in Matrix theory. The core of the 
material is based on the original lectures given in June of 1997; however, some 
more recent material is included which is particularly germane to the subject 
matter of the original lectures. Many important and interesting aspects of the 
theory are mentioned briefiy, if at all. Other reviews which discuss some recent 
developments in more detail have been given by Banks [ [zsl and by Susskind 

®- . . . 

This section contains the statement of the Matrix theory conjecture as 

well as a brief review of some background material useful in understanding 
the statement of the conjecture, namely short reviews of M-theory and the 
infinite momentum frame. In Section ^ we discuss some of the evidence for 
Matrix theory, and in Section ^ we discuss some further directions in which 
this theory has been explored. 



6.1 M-theory 

The concept of M-theory has played a fairly central role in the development 
of the web of duality symmetries which relate the five string theories to each 
other and to supergravity jTs], ^ [T^. M-theory is a conjectured eleven- 
dimensional theory whose low-energy limit corresponds to IID supergravity 
pO|. Although there are difficulties with constructing a quantum version of 
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Table 1: Correspondence between objects in M-theory and IIA string theory 



M-theory 


IIA 


KK photon (g^ii) 
supergraviton with pu ~ 1/R 
wrapped membrane 
unwrapped membrane 
wrapped 5-brane 
unwrapped 5-brane 


RR gauge field A^i 
0-brane 
IIA string 
IIA D 2-brane 
IIA D 4-brane 
IIA NS 5-brane 



IID supergravity, it is a well-defined classical theory with the following field 
content: 

e": a vielbein field (bosonic, with 44 components) 

tp]-. a Majorana fermion gravitino (fermionic, with 128 components) 

AijK- a 3-form potential (bosonic, with 84 components). 

In addition to being a local theory of gravity with an extra 3-form poten- 
tial field, M-theory also contains extended objects. These consist of a two- 
dimensional supermembrane and a 5-brane. 

One way of defining M-theory is as the strong coupling limit of the type 
IIA string. The IIA string theory is taken to be equivalent to M-theory com- 
pactified on a circle S-^, where the radius of compactification R of the circle 
in direction 11 is related to the string coupling g through R = g^^^lp — gh, 
where Ip and = \/a' are the M-theory Planck length and the string length 
respectively. The decompactification limit i? — s- cx) corresponds then to the 
strong coupling limit of the IIA string theory. (Note that we will always take 
the eleven dimensions of M-theory to be labeled 0, 1, . . . , 8, 9, 11; capitalized 
roman indices /, J, . . . denote 11-dimensional indices). 

Given this relationship between compactified M-theory and IIA string the- 
ory, a correspondence can be constructed between various objects in the two 
theories. For example, the Kaluza-Klein photon associated with the compo- 
nents (7^11 of the IID metric tensor can be associated with the R-R gauge field 
Af^ in IIA string theory. The only object which is charged under this R-R 
gauge field in IIA string theory is the 0-brane; thus, the 0-brane can be associ- 
ated with a supergraviton with momentum pn in the compactified direction. 
The membrane and 5-brane of M-theory can be associated with different IIA 
objects depending on whether or not they are wrapped around the compacti- 
fied direction; the correspondence between various M-theory and IIA objects 
IS given m Table |l|. 
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6.2 Infinite momentum frame 

Roughly speaking, the infinite momentum frame (IMF) is a frame in which the 
physics has been heavily boosted in one particular direction. This frame has 
the advantage that it simplifies many aspects of relativistic quantum field the- 
ories To study a theory in the IMF, we begin by choosing a longitudinal 
direction; this will he X^^ in the case of M-theory. We then restrict attention 
to states which have very large values of momentum pn in the longitudinal 
direction. This is sometimes stated in the form that any system of interest 
should be heavily boosted in the longitudinal direction; however, this latter 
formulation leads to some subtleties, particularly when the longitudinal direc- 
tion is compact. The basic idea of the IMF frame is that if we are interested 
in scattering amplitudes where the in-states and out-states have large values 
of pii then we can integrate out all the states with negative or vanishing pn, 
giving a simplified theory. In general, intermediate states without large pn will 
indeed be highly suppressed. Degrees of freedom associated with zero-modes 
can cause complications, however fs^ . 

One advantage of the IMF frame is that it turns a relativistic theory into 
one with a simpler, Galilean, invariance group. If a state has a large longitu- 
dinal momentum pn then to leading order in l/pn a Lorentz boost acts as a 
Galilean boost on the transverse momentum p± of the state 

P± P±+Piiv±. (116) 

A massless particle has an energy which is given to leading order in l/pn by 
a Galilean energy 

E^pn^p- (117) 
2pii 

in the IMF. Thus, we see that the longitudinal momentum pn plays the role 
of the mass in the IMF Galilean theory. 

If the longitudinal direction X^^ is compact with radius R, then longitu- 
dinal momentum is naturally quantized in units of l/R, so that pn ~ N/R. 
Note that, as mentioned above, there are subtleties with boosting a compact- 
ified theory; in particular, a boost is not a symmetry of a Lorentz invariant 
theory which has been compactified in the direction of the boost, since after 
the boost the constant time surface becomes noncompact. By simply treat- 
ing the IMF frame as a way of calculating interactions between states with 
large longitudinal momentum, however, this complication should not concern 
us particularly. 

The description of a theory in the infinite momentum frame is closely re- 
lated to the description of the theory given in light-front coordinates. In fact. 
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for comparing Matrix theory to supergravity it is most convenient to use the 
language of discrete light-front quantization (DLCQ) |Q. In this framework 
a system is compactified in a lightlike dimension x'^ so that longitudinal mo- 
mentum p+ is quantized in units N/R, where we set 



1 



2ttR 



(118) 



(note that the light-front metric has r/^ = — 1,?/+_|_ = = 0). The DLCQ 

prescription gives a light-front description of a theory in the IMF when N oo. 
Further discussion of DLCQ quantization in the context of Matrix theory can 
be found in M, M ^, Isl, ItII. 



6.3 The conjecture 

The following conjecture was made by Banks, Fischler, Shenker and Susskind 
(BFSS) |]: 

M-theory in the IMF is exactly described by the N oo limit of 0-brane 
quantum mechanics 



2R 



:Tr 



a<b 



(119) 



where N / R plays the role of the longitudinal momentum, and where N/R and 
R are both taken to oo. Note that (119) is the same as ( p^ in units where 
27rQ!' = 1, after replacing g^/a' = R 

Although we will continue to work in the string units in which ( |119D is 
expressed, in many references the Lagrangian is expressed in Planck units 



£ = Tr 



1 

2R 



X^Xa 



R 



R 



a<b 



(120) 



The change of units can be carried out by simply replacing a' IpQ^'^^'^ in 
( |l8| ) and setting Ip — 1. 

The original evidence for this conjecture included the following: 
o Only 0-branes carry pu. Not only does this mean that states in M-theory 
with large pn are composed primarily of 0-branes, but this also fits naturally 
into the holographic principle espoused by 't Hooft and Susskind |87[ Q which 
states that at large momentum string theory states can be described in terms 
of elementary partons which each take up a single Planck unit of transverse 
area. (Related ideas have also been discussed by Thorn M.) 
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o The lOD Supcr-Gahlcan invariance of ( |119D . 

o The fact that graviton scattering ampUtudes in IID supergravity are cor- 
rectly described by the scattering ampUtude of 0-branes arising from the lead- 
ing v'^ jr^ potential term. 

o The natural appearance of the supermembrane in the matrix quantum me- 
chanics theory . This connection between the low-energy theory of 0-branes 
and the light-front supermembrane theory was also pointed out by Townsend 




In the time since this conjecture was made, supporting evidence has con- 
tinued to appear. In the following section, we will discuss some of this evidence. 



6.^ Matrix compactification 

Before discussing in detail the evidence for Matrix theory, let us discuss briefly 
the issue of compactifying the theory. Compactifying Matrix theory on a 
manifold M would correspond to a compactification of M-theory on M x 
where the is taken to a decompactified limit through R ^ oo. There 
are several ways in which BFSS suggested it might be possible to define a 
compactified version of Matrix theory. 

The first approach to compactifying the theory would be to simply define 
Matrix theory on a manifold M to be the large N limit of the theory of N 
0-branes on M. For example, by using the equivalence discussed in Section 



3.1 between the 0-brane theory on a torus and super Yang-Mills theory on 
the dual torus, this would define Matrix theory on the torus T'^ in terms of 
a (j-dimensional super Yang-Mills theory. The torus can then be modded out 
by a finite group to get Matrix theory on an orbifold. So far 0-brane quantum 
mechanics is only very well understood on tori and orbifolds, however. There 
has been some progress made on curved manifolds, particularly on K3 and 



Calabi-Yau spaces [£1, 92 , however the situation is not as clear in these cases. 
Thus, this approach does not immediately lead to a candidate definition of 
Matrix theory compactified on an arbitrary manifold. 

A second approach to compactifying Matrix theory involves taking super- 
selection sectors of the theory which may correspond to different compactifica- 
tions. For example, in the large TV limit we can take infinite matrices satisfying 

f7X°C/-^ =X" + (5°^27ri?9l. (121) 

for some "translation" operator U and radius Rg. This superselection sector of 
the theory corresponds to an compactification, since the matrices satisfying 
this relation can be interpreted in terms of the fields of (1 -I- 1)-D super Yang- 
Mills theory on the circle as in dSa). In a similar way, it is easy to see that 
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Matrix theory "contains" the SYM theory in all dimensions d < 10. It is an 
interesting open question whether there are other superselection sectors of the 
theory which naturally correspond to compactifications on non-toroidal spaces. 

Both of these approaches to Matrix theory compactification give the same 
prescription for compactifying the theory on a torus. We will use this de- 
scription of Matrix theory on a torus in terms of the super Yang-Mills theory 
on the dual torus in the following discussion. For compactification on tori of 
dimension d > 3, however, additional features emerge which make the story 



more complicated. This issue will be discussed briefly in Section B.2 



7 Matrix theory: Symmetries, Objects and Interactions 

If the Matrix theory conjecture is correct, we would expect that all the sym- 
metries of M-theory should correspond to symmetries of ( |119| ). Furthermore, 
it should be possible to find matrix constructions of all the objects we expect 
to see in the 11-dimensional supergravity theory which describes M-theory 
at low energies, and the interactions between these objects in Matrix theory 
should agree with the interactions between the corresponding supergravity ob- 
jects. Most of the evidence to date for the Matrix theory conjecture consists 
of showing that some piece of this correspondence is correct. In this section 
we review some of this evidence, divided into the three categories mentioned. 
Recent arguments for the Matrix theory conjecture based on more general 



principles are discussed in Section 8.3 



7.1 Symmetries in Matrix theory 

There are two important symmetries of M-theory which we would like to see 
reproduced in Matrix theory. First is the Lorentz symmetry of the theory. This 
is explicitly broken in the IMF; nonetheless, one would hope that a residual 
version of this symmetry would still be present. The second symmetry of M- 
theory which should be reproduced by Matrix theory is the group of duality 
symmetries of the theory. We now discuss these symmetries in turn. 

7.1.1 Lorentz symmetry in Matrix theory 

There is as of yet very little evidence for a residual Lorentz symmetry in 
Matrix theory. In fact, this is one of the directions in which the least progress 
has been made. Some evidence that the theory has Lorentz invariance at the 
classical level was given by de Wit, Marquard and Nicolai As stressed 

by BFSS, however, the quantum version of this argument is liable to be much 
more subtle. Other results relevant to the Lorentz symmetry of the theory 
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include calculations of scattering with longitudinal momentum transfer which 
we discuss further below. 



7.1.2 Duality in Matrix theory 

In addition to Lorentz symmetry, M-theory has a set of duality symme- 
tries which appear when the theory has been compactified on a d-dimensional 
torus. This group of "U-duality" symmetries increases in size and complexity 
as each additional dimension is compactified, as discussed in the lectures of 
Mukhi in this school. In this section we discuss the case d = 3 in some detail. 



Compactification on tori of other dimensions is discussed briefly in Section 8.2 
After compactification on , the U-duality group of M-theory is SL{3, Z)x 
SL{2, Z). This group is generated by two types of elementary symmetries. The 
5i(3, Z) part of the U-duality group corresponds to the symmetry group of 
the moduli space of compactifications. Since this symmetry is simply re- 
lated to the compactification space, it is a manifest symmetry of toroidally 
compactified Matrix theory. The SL{2, Z) part of the U-duality group corre- 
sponds to a form of M-theory T-duality |8^, Q . Symmetries in this group can 
invert the volume of the compactification 3-torus, and are not manifest from 
the Matrix theory point of view. We will now discuss T-duality in M-theory 
and its realization in Matrix theory. 

One simple way to understand T-duality in M-theory is through its re- 
lationship with IIA T-duality. If we compactify M-theory on a 3-torus in 
dimensions 8, 9 and 11, then we can draw the following commuting diagram 
of duality symmetries 

M M 

Rii 1 1 fill 

IIA ^ IIA 

Start with M-theory on the upper left. After compactification on dimension 11 
(the vertical arrow) this becomes IIA on T^. Two T-duality transformations 
give us another IIA theory on the dual of the original T^. This corresponds 
to a new compactification of M-theory, so that by moving around the diagram 
we define an isomorphism of M-theory. This isomorphism is an element Tm of 
the SL{2, Z) T-duality group of M-theory. 

A remarkable feature of this duality symmetry is that it acts on M-theory 
in a way which is symmetric in dimensions 8, 9 and 11. More precisely, after ex- 
changing dimensions 8 and 9, the action of Tm on the original compactification 
is to invert the volume of the torus through Tm ■ V = RsRgRn ^ 1/^- 
This can be verified directly by following the various coupling constants and 
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radii around the diagram above. 

It is interesting to consider the effects of the symmetry Tm on the vari- 
ous string and membrane states in the theory. Momentum on the original 
can be identified with an element of the lattice dual to that defining the com- 
pactification torus, (i.e., for each compact direction a on the torus there is a 
corresponding integer momentum ka-) Similarly, a membrane which has been 
wrapped around some 2-cycle on T"^ can be identified with a vector on the dual 
lattice which is perpendicular to the membrane. M-theory T-duality exchanges 
these two dual vectors, swapping membrane wrapping number with string mo- 
mentum in the compact directions. We can easily check this in various special 
cases by following the T-duality symmetry through the above diagram. For 
example, if we begin with an M-theory membrane wrapped in directions 9 and 
11, after projection into IIA this becomes a string wrapped on dimension 9. 
Two IIA T-dualities take this into a string with momentum in dimension 9 
and no winding. Exchanging dimensions 8 and 9 turns this into momentum 
in dimension 8. This lifts back into momentum in dimension 8 in M-theory, 
which is a vector orthogonal to the original 9-11 membrane. The reader can 
check as an exercise that an 8-9 membrane in M-theory is mapped into a state 
with 11-momentum in a similar fashion. 

Now that we have discussed M-theory T-duality in some detail, we can ask 
how this symmetry is realized in Matrix theory. We would expect that if Matrix 
theory is compactified on a 3-torus, say in dimensions 7, 8 and 9, then the 
theory should have an SL(2, Z) group of self-duality symmetries corresponding 
to the group of M-theory T-dualities. From the discussion of compactification 
in Section |6.4| , we expect that Matrix theory on should correspond to A/" = 4 
super Yang-Mills theory on the dual T^. In fact, this theory does have a 
nontrivial SL{2,Z) self-duality symmetry: the S-duality symmetry discussed 
in Section |3.2| . This is precisely the duality symmetry which implements the 
Matrix theory version of M-theory T-duality ^ . 

As evidence for this identification of A/" = 4 super Yang-Mills S-duality with 
Matrix theory T-duality, we can consider the following observations: First, as 
discussed in Section 3.1.2, the Yang-Mills coupling constant for Matrix theory 
on is given by 

T^^^iVjs9- (122) 

Under one element of the SYM S-duality group this coupling constant is in- 
verted through T — !■ — 1/t; this corresponds to the inversion of the volume of 
the torus which we expect from the element Tm of the M-theory T-duality 
group. Second, SYM S-duality exchanges electric and magnetic fluxes. We 
have identified membranes in Matrix theory with magnetic flux in the corre- 
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spending SYM theory 




iB' 



\ab 



(123) 



and momentum in Matrix theory with electric flux through 



Tr n" = Tr 



I 



Tr A, = 



/ 



Tr E". 



(124) 



The exchange of these quantities corresponds precisely to the exchange of mem- 
brane winding and momentum expected of M-theory T-duality. 

Thus, although S-duality in A/" = 4 super Yang-Mills has not yet been 
definitively proven, we have strong evidence that Matrix theory has the ex- 
pected T-duality symmetry of M-theory, and that it can be expressed precisely 
in terms of this more widely accepted field theory duality symmetry. Combin- 
ing the SL{2, Z) of SYM S-duality with the manifest SL{3, Z) symmetry of 
the 3-torus we find that Matrix theory has the full U-duality group expected 
from M-thcory compactified on a 3-torus. 

7.2 Matrix theory objects 

We will now discuss evidence that Matrix theory contains most or all of the 
objects which we expect to see in the 11-dimensional supergravity theory which 
is the low-energy limit of M-theory. 

7.2.1 Supergravitons 

Let us first discuss the appearance of supergravitons in Matrix theory. 
Since 0-branes are the carriers of longitudinal momentum, we would expect 
a supergraviton with longitudinal momentum N/ R to correspond to a bound 
state of iV 0-branes. From the fact that Matrix theory has 16 supersymmetries, 
we know that threshold bound states of 0-branes must live in a 256-dimensional 
representation of the supersymmetry algebra. This corresponds precisely to the 
number of Kaluza-Klein modes of the supergraviton arising from the graviton, 
3-form, and gravitino (256 = 44 -I- 84 -f 128). It has been shown that these 
bound states exist, at least for N prime [|4| ^ p7[ . 

One remarkable feature of Matrix theory which is worth emphasizing at 
this point is that second quantization is automatic in Matrix theory. That is, 
not only does Matrix theory naturally contain a set of states corresponding to 
single gravitons, it actually has a Hilbert space containing states with arbitrary 
numbers of separated gravitons. The point is that in the large limit we can 
have matrices which break up into an arbitrary number of blocks. For example. 
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a state with the schematic form 



Ml 



\ 



Mi 







•• 
'•• 

M- J 



(125) 



could describe a state of k supergravitons, where the matrices Mi are Ni x Ni 
matrices and the longitudinal momentum of the ith graviton is p+ = Ni/R. 
A matrix of this form, of course, corresponds to a classical Matrix theory 
configuration. A quantum state describing multiple separated gravitons would 
be described by a wavefunction which would approximate the tensor product 
of a number of bound state wavefunctions as the separations between the 
gravitons are taken to be very large. 

7.2.2 Supermembranes 

We now discuss the appearance of the supermembrane in Matrix theory. 
It was realized many years ago that there is a remarkable connection between 
matrix quantum mechanics and the light-front supermembrane 
From the point of view that has been taken in these notes, the easiest way to 
see that the supermembrane must appear in Matrix theory is to note that the 
(unwrapped) supermembrane corresponds to the 2-brane of type IIA string 



theory. As discussed in Section 4.6, when the theory is compactified on a 2- 



torus of area A, a 2-brane can be built from 0-branes by constructing a 0-brane 
configuration with 

Tr [X\X^] 
The energy of this configuration is 



iA 
2^' 



(126) 



1 



212 



Tr [X^X^] 



A^ 



A-" 



(127) 



2R ' ' Stt^RN 327r4a'2i?7V' 

where factors of 27Ta' have been restored in the final expression. This corre- 
sponds to the second term in an expansion in 1/A^ of the Born-Infeld energy 
for a system of N 0-branes and a single 2-brane 



BI 



Rewritten in Planck units the energy is 



2Nto 



E = 



A^R 
327r47V 



(128) 



(129) 
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which is precisely the hght-front energy E = (T2^)^/2p+ for an M-theory 
membrane with area A, tension T2 — l/(27r)^ and longitudinal momentum p"*". 

To describe an infinite flat supermembrane in the noncompact theory, we 
can consider a pair of infinite matrices X^,X'^ satisfying 

[X\X^]^-^1 (f30) 
Zirp 

For example, these matrices could be taken to be proportional to the operators 
q^p — —i d/dq acting on wave functions in one dimension |^]. Comparing to 
(|126D we see that p ^ N/A corresponds to the density of 0-branes (longitudinal 



momentum) on the membrane. Note that ( f 3C ) cannot be satisfied by any finite 
dimensional matrices, but has solutions only in the large N limit. 

In addition to flat membranes which are either infinite or wrapped around 
a compact direction, it is desirable to have a Matrix theory description of finite- 
size compact membranes moving in a noncompact space. In fact, precisely such 
configurations were described in the work of de Wit, Hoppe and Nicolai almost 



a decade ago 1 90 . These authors studied the supermembrane theory in eleven 
dimensions in light-front coordinates. In light- front gauge, the supermembrane 
theory has a residual invariance under the group of area-preserving diffeomor- 
phisms on the world-volume. This group can be identified as a large N limit 
of SU{N). This leads to a discretization of the supermembrane theory which 
gives precisely the 0-brane quantum mechanics theory. The key ingredient in 
the derivation of this result is the construction of an explicit correspondence 
between functions on the membrane and matrices in U{N) |9^, |9^. In the 
case of a membrane of spherical topology, this correspondence is particularly 
simple; functions on the 2-sphere which are expressed in terms of polynomi- 
als in the euclidean coordinates xi,X2,X3 are described in Matrix theory by 
the equivalent symmetrized polynomials in the generators Ji , J2 , J3 of the A^- 
dimensional representation of SU(2). As a simple example, we can consider 
the matrix representation of a symmetric 2-sphere. A rotationally invariant 
2-sphere of radius r can be embedded in the first three transverse directions 
of space through 

Xa='^Ja, a e {1,2,3}. (131) 
Even at finite N this matrix configuration has a number of geometrical prop- 



erties which are associated with a smooth 2-sphere [101|. For example, the 
matrices Xa satisfy 

X^ + X^ + X^ = r^l + 0{l/N^) (132) 

so that in a noncommutative sense the component 0-branes are constrained to 
lie on the 2-sphere. This construction of the Matrix theory spherical membrane 
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is closely related to the "fuzzy" 2-sphere which appears in mathematical work 
on noncommutative geometry [102, |103|1^ Toroidal Matrix theory membranes 



are similarly related to the fuzz^Tor"^. 

1.2.3 Longitudinal 5-branes 

We now discuss 5-branes in Matrix theory. There are two ways in which the 
M-theory 5-brane can appear as an object in Matrix theory. On the one hand, 
it can be wrapped around the longitudinal direction, in which case it appears 
as a 4-brane in Matrix theory. On the other hand, it can be unwrapped in the 
longitudinal direction in which case it should appear as a true (NS) 5-branc in 
Matrix theory. We will discuss both cases, but we begin with the longitudinal 
5-brane (L5-brane). 

Longitudinal 5-branes in Matrix theory were first discussed by Berkooz 
and Douglas |f 04| . They included these branes as backgrounds for the 0-brane 
quantum mechanics theory by including hypermultiplets in the theory corre- 
sponding to 0-4 strings. In this work the L5-branes did not appear as dynamical 
objects described in terms of matrix variables. The authors showed, however, 
that a membrane which is moved around the L5-brane in the background will 
pick up a Berry's phase which corresponds with that expected from the effects 
of the 3-form field in supergravity. 

A description of L5-branes in terms of Matrix theory variables can be given 
in a fashion directly analogous to the above discussion of the membrane |18|. 



If we compactify on a T* of volume V then as discussed in Section 4.6 a flat 
4-brane wrapped around the torus can be constructed from a set of matrices 
satisfying 

Tr e„fc,rfX°X^X^X^ - ^ (133) 

Taking the large volume limit of the torus, a construction of a noncompact 
4-brane with longitudinal momentum density N/V — p can be given in terms 
of infinite matrices satisfying 

eabcdX''X''X'X'' = -i^l. (134) 

There are a number of ways of constructing a configuration of this type. One 
can construct a "stack of 2-branes" solution with 2-brane charge as well as 
4-brane charge |Q. It is also possible to construct a configuration with no 2- 
brane charge by identifying X° with the components of the covariant derivative 
operator for an instanton on S"* 

X'' = id'' + Aa. (135) 
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This construction is known as the Banks-Cashcr instanton |105|. 

Just as for the membrane, it is possible to construct a matrix configuration 
corresponding to an L5-brane which has the transverse geometry of a symmet- 



ric 4-sphere |106 . A spherical configuration corresponding to n superimposed 



L5-brane spheres with radius r is defined through 

Xa = -Ga, a £{!,..., 5}. (136) 

n 

where Ga are the generators of the n-fold symmetric tensor product represen- 
tation of the five four-dimensional gamma matrices Ta- Although these config- 
urations have the geometrical and physical properties expected of n coincident 
L5-brane spheres, they also have a number of surprising characteristics. These 
configurations can only be defined for N of the form 

^ ^ (n + l)(n + 2)(n + 3) 
6 

Furthermore, unlike the case of the membrane 2-sphere where arbitrary fiuc- 
tuations can be described by symmetrized polynomials in the generators Ja, 
it seems that no similar approach correctly describes fluctuations around the 
symmetric 4-sphere configuration. This Matrix 4-sphere is closely related to 
the fuzzy 4-sphere which has been discussed in the context of noncommutative 
geometry 



107 



7.2.4 Transverse 5-branes 

A systematic way of understanding the membrane and 5-brane charges 
in Matrix theory arises from considering the supersymmetry algebra of the 
theory. Schematically, the 11-dimensional supersymmetry algebra takes the 
form 

{Q,Q} ^ + Z^'^' + Z^' -^^- (138) 

where the central terms correspond to 2-brane and 5-brane charges. The su- 
persymmetry algebra of Matrix theory was explicitly computed by Banks, 
Seiberg and Shenker p^ . Similar calculations had been performed previ- 
ously 1^, pOj; however, in these earfier analyses terms such as Tr [AT'', AT''] 
and Tr X^X''X''X'^^ were dropped since they vanish for finite N. The full 
supersymmetry algebra of the theory takes the form 

{Q,Q}^P' + z'' + z'''' + z'''""^. (139) 

The charge 

z"'' ~ Tr [X", X''] (140) 
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corresponds to membrane charge. The charge 

corresponds to longitudinal 5-brane charge, as we have just discussed. The 
charge 

z'^ - Tr {P^ [X'',^'']} (142) 

corresponds to longitudinal membranes (strings). This can be understood eas- 
ily in a dual Yang-Mills picture, where this charge corresponds to the Poynting 
vector F°'^E^\ as usual, momentum is the dual of string winding number. 

Nowhere in this analysis of brane charges do we see any sign of a charge 
corresponding to transverse 5-branes. As we will see in the next section, there 
is also no sign of such a charge in the general expression for the leading long- 



range gravitational interaction between two matrix objects |10S ] . It was argued 
by Banks, Seibcrg and Shenker that in fact transverse 5-branes cannot exist 
in the IMF since they are Dirichlet objects for the M-theory membrane |Q. 
Nonetheless, there is an argument that a T5-brane can be constructed 
implicitly using the super Yang-Mills S-duality of Matrix theory on T^. We 
now review this argument briefly. 

Let us compactify M-theory on dimensions 7, 8 and 9. We now place an 
infinite membrane along dimensions 5 and 6. Performing M-theory T-duality 
on dimensions 7, 8 and 9 has the effect of taking the membrane to a 5-brane 
wrapped around dimensions 5-9, as can be seen in the following commuting 
diagram 

M2(56) M >- M M5(56789) 

D2(56) IIA ^ IIA D4(5678) 

Thus, to construct a T5-brane in Matrix theory we must begin with the 
theory compactified on in dimensions 7-9, with a Yang-Mills configuration 
having scalar fields satisfying 

[A:^X6]-^^l (143) 

Performing SYM S-duality on this state should give a transverse 5-brane. 
There are a number of puzzling subtleties regarding this construction, how- 
ever. First, we have no explicit representation of S-duality in 4D SYM, so we 
cannot construct the T5-brane state explicitly. Second, there is a confusing 
issue about how the large N limit must be taken. In order to construct a 



configuration like (143) we must take the large N limit before performing the 
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S-duality transformation. It is unclear how SYM S-duality behaves in the large 
N limit. Finally, if this state truly exists, a good reason needs to be found why 
the corresponding charge does not appear in the supersymmetry algebra or in 
the leading term in the long-distance potential. It is possible that this charge 
may be nonlocal, and vanishes for a reason analogous to the vanishing of the 
L5-brane and membrane charges at finite N. 



7.3 Interactions in Matrix theory 



7.3.1 The leading potential 

We now turn our attention to the interactions between the objects of Ma- 
trix theory. We discussed in Section 5.2.5 the calculation of the velocity- 



dependent effective potential (115) between a pair of 0-branes in super Yang- 



Mills quantum mechanics. This potential was found as the result of a one-loop 
calculation in the Yang-Mills theory. As pointed out by BFSS , this poten- 
tial corresponds precisely with the leading long-range supergravity potential 
between a pair of gravitons with longitudinal momentum \/R in light-front 
coordinates. An explicit calculation shows that the leading term in the long- 
range supergravity potential between a pair of pointlike objects with momenta 
and p^ due to the exchange of a single graviton with no longitudinal mo- 
mentum is (in string units) 



15 i?-* 



gravity 



(144) 



Taking one of the Matrix theory 0-branes to be at rest and the other to have 
transverse velocity v"" , we have 



P 



1 

R 



R 



p" = p 







(145) 
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R 



P ^P±/'^P 



2R 



Inserting these momenta into (144) gives 



gravity 



15v^ 
16 



(146) 



in exact agreement with (115). This exact correspondence carries through for 
states with longitudinal momentum p+ = N / R. The gravitational potential in 
this case is simply multiplied by the product NN . The same factor enters the 
Yang-Mills calculation because this is the multiplicity of string states stretching 
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between the two collections of 0-branes, assuming that each of the two states 
is described by a localized bound state of N 0-branes. 

In the last year or so, the one-loo p potent i al has been c a lculated for a 
ariety of Matrix theory objects |l|, |l^, |ll^, |lT|, [ll2[ |ll3[ ^ ^ |l6 



117, 118, HE, 120|. In all cases this potential was found to agree at leading 



order with the expected leading long-distance potential from supergravity. A 



general proof of this result was given by Kabat and the author in |10S|; we will 
now describe briefly the analysis in the general case. Given a pair of classical 
Matrix theory objects described by matrices X and X of sizes NxN and NxN 
respectively, the one-loop potential between these objects can be calculated in 
the quasi-static appropriation by taking a background configuration 

iX^) = ( I ) . (147) 

Summing the frequencies of the string oscillators associated with the bosons, 



fermions and ghosts in the off-diagonal matrix blocks as in (114) gives the 
one-loop potential between the two objects. If the centers of mass of the two 
objects are separated by a distance r which is large compared to the sizes of 
the objects then this potential can be expanded in powers of 1/r. The leading 
term is of the form F^/r^ where F can be a term of the form X or [X, X] 



[121, 101 1 . Decomposing the general expression for this term into functions of 
X and X, and grouping terms by their Lorentz structure it can be shown | ]108[ 
that the leading term in the Matrix theory potential between an arbitrary pair 
of separated objects is given by 

^^atrix — ^^ravity ^ Electric ^^agiietic (148) 



where 



l/gravity = ^ [^ T^IJ " gT /T j 

45i?2 



l^clectric = ^J'-'^'JUK (149) 

r' 

K.agnctic = + 

and where we define the following quantities: T^'' is a symmetric tensor with 
components 

T— = 4 STr \ \x''X''X^X^ \x''X''F^''F^'' + X" X^ F'''' F"*" 



R \4 4 



63 



pab jpbc pcd j^da ^ jpab pab jpcd j^cd 

4 16 

T-" = - STr ( -X''X''X'> + -X^-F^^F^" + F''''F'"'X'' 
R \2 4 

r+- = STr Qx^'X" + If'^'-F'^''^ (150) 

R V 

r+" = - STrX" 
i? 

j'lJK totally antisymmetric tensor with components 

^-ah ^ J_STr I X^'ir'^F^^ - X'^X'^F'"' - -X^X'^F"'' 
6R \ 2 

jpo-b pcd j^cd j^ac pcd jpdh 

4 

= ^STr [f'^^X^^ (151) 

6i? V / 

j+ab ^ — LsTrF"'' 
6i? 

and J\/[IJKLMN totally antisymmetric tensor with 

j^ + -abcd ^ ^ grj^. /pabpcd _^ pac pdb _|_ pad pbc\ _ (152) 
12i? 

We have defined Faf, = — The trace STr is defined to be the trace 
symmetrized over all possible orde rings of the factors X and F. Tensors 
q-iJ q-iJ ^ etc. are defined through (15C-152) as fu nctio ns of X and X. Note 
t hat the only components of Ai which appear in (14£) are those defined in 
(152); there is no expression known for other components of this tensor. 

The general form of the Matrix theory potential ( |14^ ) can be compared 
with the leading long-distance potential in IID supergravity between an arbi- 
trary pair of objects. In supergravity this potential arises from the exchange 
of a single particle, which must be either a graviton or 3-form quantum. In 
light-front coordinates the propagator for a quantum carrying no longitudinal 
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momentum carries a factor of (5(x+ — 5;+) ||8^]. Thus, we expect the light-front 
supergravity potential to be instantaneous in light-front time. An explicit cal- 
culation of this potential shows that the leading term is precisely given by 



(148) where T, J and M. are the integrated stress tensor, membrane current 



and 5-brane current in supergravity. Thus, if we use ( |150| ), ( |151[ ) and ( 152 ) as 
definitions of the integrated stress tensor and currents in Matrix theory, we see 
that there is an exact correspondence between the leading term in the one-loop 
Matrix theory potential and the leading term in the supergravity potential for 
an arbitrary pair of objects. 

1.3.2 Further aspects of Matrix theory interactions 

Although the correspondence between Matrix theory and supergravity in- 
teractions has been demonstrated in general at order 1/r^, the current un- 
derstanding of subleading terms is much less developed. There are a number 
of ways in which subleading terms appear in the Matrix theory potential. 
A systematic analysis of the structure of the subleading terms in the gravi- 
ton scattering amplitude was carried out by Becker, Becker, Polchinski and 



Tseytlin (BBPT) [122| and has also been considered by Susskind. Generally, 
at nth loop order, there are terms in the potential of order «4+2fc^j,4+3n+4fc 
for all values of k. For more general Matrix theory objects, the structure is 
similar, with F playing the role of v; however, there are also dependencies on 
the fields X so that the full expansion is of the form 



^nkl- 
r 

n,k,l 



where n indicates the loop order at which a given term arises. Generally, the 
contraction of the indices of F and X can be carried out in many inequiv- 
alent ways; the coefficient VnM therefore is shorthand for many independent 
coefficients at each order, corresponding to all possible contractions. We will 
now discuss some of the features of this loop expansion which are currently 
understood. Note that our discussion focuses on interactions between purely 
bosonic states. When fermions are included there can be additional effects 
such as spin effects; it has been found that these effects seem to be captured 



accurately by Matrix theory also, at least at leading order |123, 124, 125|. 

If we consider only the terms in the one-loop expansion which contain four 
powers of F, the expansion reduces to a sum of terms of the form F^X^ /r'^^^ . 



This set of terms was analyzed in [126, 108 , where it was shown that these 
terms can be described in terms of interactions between higher moments of the 



Matrix theory stress tensor (150), membrane current (151) and L5-brane cur 



rent (152). These interactions correspond precisely to the higher-order terms 
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expected from supergravity for the interaction between two extended objects 
due to single graviton or 3-form exchange. It seems reasonable to conclude that 
the role of the factors X'/r' will in general be to incorporate higher moments 
of extended objects; thus, to understand the remaining terms in (153) it will 
suffice to restrict attention to the terms with / = 0, which are the only ones 
contributing in the case of graviton scattering. 

One set of terms of particular interest are the terms of the form F^/r'^+^", 
If such terms existed with nonvanishing coefficients beyond one-loop order they 
would renormalize the u"* interaction term which already agrees at one-loop 
order with supergravity. It was conjectured by BFSS that no such renormal- 
ization occurs. Becker and Becker have performed the calculation explicitly for 
graviton scattering at two-loop order and shown that the term of order v'^/r^^ 
vanishes identically |127( |. This supports the hypothesis that all remaining 
terms vanish; however, this has not been shown at higher order. It has also 
been suggested that the v'^ terms may in fact be renormalized at higher lo op or - 
der since analogous renormalizations occur in three-dimensional theories |l28| . 
These terms may also be affected by processes with longitudinal momentum 
transfer, which we discuss briefly below. 

The next several terms which contribute at two loops have also been cal- 
culated for graviton scattering. It was shown by BBPT [122| that the term 
of order w^/r^^ is also in agreement with the potential expected from classical 
supergravity. This term corresponds to a general relativistic correction to the 
lowest order term in the potential. All the terms in the Matrix theory potential 
of the form ■[;4-i-2m^^7in Qg^j.j.y integral powers of the gravitational constant when 
expressed in Planck units. It is believed that these terms should reproduce 
classical supergravity to all orders. Although none of the se terms have been 
calculated precisely beyond two loops, it has been argued 120 , 129 , 130 
that the general form of these terms should correspond with higher order terms 
in the non-abelian Born-Infeld action. Although these terms cannot be deter- 
mined uniquely by this ansatz, in certain cases exact expressions for the su- 
pergravity interactions are of the Born-Infeld form, and are in agreement with 
this conjecture. 

At each loop order there are terms which contribute at higher order in 1 /r 
than the terms which are expected to correspond with classical supergravity. 
It is believed that these terms represent quantum gravity corrections. There 
has been some discussion of this question in the literature |131, 132, 133, 134, 



|129|, 135 1, but as yet there does not seem to be a detailed understanding of 



this issue. 

The loop expansion in Matrix theory which we have been discussing only 
describes processes in which no longitudinal momentum is exchanged. Clearly, 
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for a full understanding of interactions in Matrix theory it will be necessary 
to include processes with longitudinal momentum transfer. Some progress has 
been made in this direction. Polchinski and Pouliot have calculated the scatter- 
ing amplitude for two 2-branes f or pr ocesses in which a 0-brane is transferred 
from one 2-brane to the other |l36| . In the Yang-Mills picture the incom- 
ing and outgoing configurations in this calculation are described in terms of 
a U{2) gauge theory with a scalar field taking a VEV which separates the 
branes, as discussed in Section 5.2.2. The transfer of a 0-brane corresponds to 
an instanton-like process where a unit of flux is transferred from one brane to 
the other. The results of this calculation are in agreement with expectations 
from supergravity. This result suggests that processes involving longitudinal 
momentum transfer may be correctly described in Matrix theory. Note, how- 
ever, that the Polchinski-Pouliot calculation is not precisely a calculation of 
membrane scattering with longitudinal momentum transfer in Matrix theory 
since it is carried out in the 2-brane gauge theory language. In the T-dual 
Matrix theory picture the process in question corresponds to a scattering of 
0-branes in a toroidally compactified space-time with the transfer of mem- 
brane charge. This process was studied further by Dorey, Khoze and Mattis 
[137| and was related to graviton scattering by Banks, Fischler, Seiberg and 
Susskind p3^. 



8 Matrix theory: Further Developments 

In the last year there has been a veritable explosion of Matrix theory related 
papers. In this section we describe briefly a few of the interesting directions 
in which this work has gone. There are a number of important and interest- 
ing developments which we do not discuss here at all. In particular, nothing 
is said in these notes about the recent developments on Matrix theory black 
holes or light-front 5-brane theories. We also do not discuss Matrix theory 
compactification on orbifolds. Although we do give a brief description of the 
DVV formulation of Matrix string theory, there are many other interesting 
formulations of string theory in the matrix language, such as heterotic Matrix 
strings, which we do not cover here. Another particularly interesting set of 
developments involves the compactification of Matrix theory on higher dimen- 
sional tori. Aside from a few brief comments, this topic is not covered. Some 
of these topics are covered in more detail in the reviews It^ . 



8.1 Matrix string theory 

An interesting feature of Matrix theory is that with a few minor modifications 
it can be used to give a nonperturbative definition of string theory. A number 
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of approaches have been taken to Matrix string theory ]139|, 14C, 141, 142 1 



In this section we review briefly a few aspects of the Matrix string theory 



approach due to Dijkgraaf, Verhnde and Verhnde (DVV) |]142| , 143 1. 

If we consider Matrix theory compactified in dimension 9 on a circle S^, 
we have a super Yang-MiUs theory in (1 + 1)-D on the dual circle S^. In the 
BFSS formulation of Matrix theory, this corresponds to M-theory compactified 
on a 2-torus. If we now think of dimension 9 rather than dimension 11 as 
the dimension which has been compactified to get a IIA theory, then we see 
that this super Yang-Mills theory should provide a light-front description of 
type IIA string theory. Because we are now interpreting dimension 9 as the 
dimension of M-theory compactification, the fundamental objects which carry 
momentum p+ are no longer 0-branes, but rather strings with longitudinal 
momentum. Thus, it is natural to interpret N/R in this super Yang-Mills 
theory as the longitudinal string momentum. It was argued by Dijkgraaf, 
Verlinde and Verlinde that in fact this gives a natural corollary to the Matrix 
theory conjecture, namely that 2D super Yang-Mills in the large N limit should 
correspond to light-front IIA string theory. 

To examine this form of the conjecture in more detail, let us begin by con- 
sidering the Matrix theory Hamiltonian (working in Planck units and dropping 
factors of order unity as in [|142|) 



i/ = i?nTr + . (154) 

After compactification on Rg we identify R^D^r, Ilg RgAg ^ Eg/Rg, 

where a G [0, 27r] is the coordinate on the dual circle. With these identifi- 

3/2 

cations, and using g ~ Rg , the Hamiltonian was rewritten by DVV in the 
form 

^ .(155) 



9 9 

This is essentially the form of the Green-Schwarz light-front string Hamilto- 
nian, with the modification that the fields are now N x N matrices which do 
not necessarily commute. This means that the theory automatically contains 
multi-string objects living in a second quantized Hilbert space. Furthermore, 
it is possible to construct extended string theory objects in terms of the non- 
commuting matrix variables, by a simple translation from the original Matrix 
theory language. We reproduce in Table || a table of the extended objects in 
this Matrix string theory. The objects are listed in terms of their interpre- 
tations in M-theory, as well as their interpretations in Matrix string theory 
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Table 2: Objects and their charges in Matrix string theory 



M-theory 


Matrix string object 


Matrix string charge 


Pii 




N 


P9 


DO 


E 


Pa 


Pa 


Ha 


(a — 9 membrane) 


Wa (wound string) 




Mil 9 




n„(£),X«) (ExB) 


Mab 






Mall 


D2a+ 


ED^X'' + Ub[X'',X^] 


5a5c+9 


D4a6c+ 


D^-^X'^X^X'^'i 


^abcd+ 


NS5a6cd+ 





and associated charges in Matrix string theory. Charges are given only up to 
an overall constant. To verify each of the entries in this table it suffices to 
consider a Matrix theory object with its known charge, and to rewrite that 
object and charge in terms of the Yang-Mills description after the "9-11 flip" 
corresponding to interpreting dimension 9 as the M-theory compactification 
direction. For example, consider an M-theory membrane wrapped in dimen- 
sions 8-9. In BFSS Matrix theory this is a membrane with charge 
In Matrix string theory we take X'^ Dg so that the charge becomes DgX^. 
Since dimension 9 is the M-theory compactification direction, this corresponds 
to a string wrapped around dimension 8. Note that the only objects missing 
in this table are those corresponding to the T5-brane in BFSS Matrix theory. 
These correspond to a 4-brane or 5-brane wrapped in transverse directions in 
Matrix string theory. 

One particularly nice feature of the DVV approach to Matrix string the- 
ory is the way in which the individual string bits carrying a single unit of 
longitudinal momentum combine to form long strings. As the string coupling 
becomes small ^ 0, the coefficient of the term in the Hamilto- 

nian becomes very large. This forces the matrices to become simultaneously 
diagonalizablc. Because the string configuration is defined over , however, 
the matrix configuration need not be periodic in a. The matrices X°(0) and 
X°-{2'k) can be related by an arbitrary permutation. The lengths of the cy- 
cles of this permutation determine the numbers of string bits which combine 
into long strings whose longitudinal momentum N/Rn can become large in 
the large N limit. As the coupling becomes very small, the theory therefore 
essentially becomes a sigma model on (M.^)^ / . The twisted sectors of this 
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theory correspond precisely to the sectors where the strmg bits are combined 
in different permutations. In this picture, string interactions appear as vertex 
operators in the conformal field theory arising as the infrared limit of the sigma 
model theory. It is not apparent, however, how such interactions are related 
to the Yang-Mills description of the theory. It would be nice to have a more 
direct understanding of this relationship. 

Some discussion is given in the original DVV papers of the structure of D- 
branes in Matrix string theory. This is another direction in which it would be 
interesting to develop the theory in further detail. For example, DVV suggest 
that a 0-brane corresponds to a single string bit which does not become part of 
an extended string in the large N limit. It would be nice if there were a natural 
way in which the known properties of 0-branes could be derived from this point 
of view. Clearly, there is more to be said about the relationship between Matrix 
string theory and other formulations of light-front string theory. 



8.2 Compactification of more than three dimensions 



As discussed in Section 6.4, Matrix theory compactified on a torus of dimension 
d < 3 is described in terms of super Yang- Mills theory on the dual torus. 
Compactification on was described in section 7.1.2. Compactification of 



the theory on was discussed by Sethi and Susskind |144]. They pointed out 
that as the shrinks, a new dimension appears whose quantized momentum 
modes correspond to magnetic flux on the T^. In the limit where the area of 
the torus goes to 0, an 0(8) symmetry appears. This corresponds with the 
fact that IIB string theory appears as a limit of M-theory on a small 2-torus 
1 145, |2^. When more than three dimensions are toroidally compactified, the 
theory undergoes even more remarkable transformations |146|. For example, 
consider compactifying the theory on T*. The manifest symmetry group of this 
theory is 51/(4, Z). The expected U-duality group of M-the ory compactified 
on is SL{5,Z), however. It was pointed out by Rozali [147| that the U- 
duality group can be completed by interpreting instantons on as momentum 
states in a fifth compact dimension. This means that Matrix theory on is 
most naturally described in terms of a (5 -f- l)-dimensional theory with a 
chiral (2, 0) supersymmetry. This (2, 0) theory is an unusual theory with 16 
supersymmetries |148 which appears to play a crucial role in a wide variety of 
properties of M-theory and 5-branes. 

Compactification on tori of higher dimensions than four continues to lead 
to more complicated situations, particularly in the case of T^. A significant 
amount of literature has been produced on this subject, to which the reader 
is referred to further details (see for example BSl 14£, 150| and refer- 
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ences therein). Despite the complexity of compactification, however, it was 
recently suggested by Kachru, Lawrence and Silverstein |151| that compacti- 
fication of Matrix theory on a more general Calabi-Yau 3-fold might actually 
lead to a simpler theory than that resulting from compactification on T^. 



8.3 Proofs and counterexamples 

Since the time when these lectures were given, there has been a great deal 
of debate about whether the Matrix theory conjecture is truly correct to all 
orders in perturbation theory, and if so, why. The results of this debate are 
still uncertain, and a full discussion of the issues involved will not be given 
here. We will only briefly review a few of the points in the discussion. 

It was suggested by Susskind ||8^ that there might be a sense in which 
the Matrix theory conjecture holds even at finite N. This extended version of 
the conjecture would relate finite N Matrix theory with the finite N discrete 
light-cone quantization of M-theory. An argument has been given by Seiberg 
|p5| which seems to indicate that this correspondence is correct, and related 



discussions have been given by Sen [g4| and de Alwis [152|. Seiberg's approach 
even seems to apply to compactification of Matrix theory on an arbitrary 
manifold, although the details of this argument have not been made precise. 

However, there are also a number of pieces of evidence that the corre- 
spondence between Matrix theory and supergravity breaks down in certain 
contexts. Attempts to formulate Matrix theory on curved spaces seem to lead 
to discrepancies between the leading terms in the Matrix theory and super- 
gravity interaction potentials |91, 3^. Higher- loop effects on orbifolds also 
seem to give rise to discrepancies 



153, 154| (further comments on this issue 



appear in |132|). Even in flat space, it seems that Matrix theory may have 



problems in reproducing supergravity: Recently Dine and Rajaraman consid- 



ered 3-graviton scattering in Matrix theory 1 155 , and argued that there are 
certain diagrams in supergravity with nonzero amplitudes which simply cannot 
be reproduced at any order in Matrix theory. When considering interactions 
between extended objects, it also seems that Matrix theory may diverge from 
supergravity in unusual ways; although the one-loop interaction between any 
two objects must agree with supergravity if the components of the source ten- 
sors are defined as in Section 7.3.2, the components of the stress tensor for 
extended objects are defined so that the equivalence principle seems to break 



down at finite N |108| 



Thus, we seem to be faced with a contradiction: on the one hand proofs 
that even at finite N Matrix theory is a correct description of DLCQ M-theory, 
on the other hand evidence that Matrix theory does not agree with results one 
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would expect from supergravity. Some recent papers have addressed this puzzle 
Jts] , |8^ , 129, 156 ; however, a complete resolution of the situation will certainly 
take some time. It may be that to resolve these issues it will be necessary to 
understand the large N limit of Matrix theory in a more precise fashion. It may 
also be that detailed aspects of the bound state wave functions of gravitons 
will play a role in resolving these contradictions. 



9 Conclusions 

We have seen that a remarkable number of interesting properties of D-branes 
can be understood from the point of view of the low-energy super Yang-Mills 
description. Super Yang-Mills theory contains information about all the known 
duality symmetries of type II string theory and M-theory. We can construct 
higher- and lower-dimensional branes of various types directly within the super 
Yang-Mills theory for branes of a particular dimension. Super Yang-Mills the- 
ory even seems to know about supergravity. From super Yang-Mills theory we 
have some suggestion of how to generalize our notions of geometry to include 



noncommutative spaces such as those of Connes 1157]. All this is certainly 
an indication that super Yang-Mills theory is a much richer theory than it has 
usually been given credit for. Whether it will truly reproduce all of the physics 
of string theory, let alone the standard model, however, remains to be seen. To 
this author, it seems that there is still some fundamental principle lacking. In 
particular, for Matrix theory to leave the IMF or light-front gauge, it is nec- 
essary to introduce anti-O-branes. These are virtually the only objects which 
cannot be constructed from 0-branes as some kind of generalized fluxes. As 
has been suggested by a number of authors, it seems that we need some more 
fundamental structure in which all the objects of the theory, even 0-branes 
and anti-O-branes, appear as some generalized type of fluxes or as composites 
of some underlying medium. Because of the way in which quantum mechan- 
ics and geometrical constraints often seem to be related through dualities, it 
easy to imagine that whatever fundamental principles we are currently lack- 
ing will necessitate a rather substantial reworking of our concepts of quantum 
mechanics and field theory themselves. 
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